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Abstract
Decision-makers cannot consider all variables that may be relevant for a prediction. When should they expand
their model, and when should they stop? We study agents who are aware of their potential misspecification
but incur a cost when acquiring an additional variable. In a linear-regression setting, we characterize the
value of adding an extra covariate. For both Bayesian and frequentist agents, we find a stronger incentive to
include another covariate when their current model fits the data poorly and when few alternatives remain.
Moreover, we uncover a novel form of convexity in the value of information for Bayesian agents: the more
covariates already included, the greater the ex ante marginal benefit of adding another one. This result con-
trasts with the well-known concavity in the value of additional observations. Finally, the model implies that
predictions may “jump” after unexpected evidence or theoretical developments, and behavior may appear
non-Bayesian even when agents are fully Bayesian.
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1 Introduction
Decision-makers do not always consider all variables that may be relevant for a prediction. Instead,
they often disregard some even when they know these variables couldmatter. Central banks predict-
ing GDP cannot include all potentially relevant covariates—there are simply too many. For instance,
inflation expectations were included into surveys years after macroeconomic theory suggested they
may play a role. Health authorities predicting outbreaks of a new disease in real time cannot quickly
collect every variable that could matter. Likewise, an economist designing a survey or experiment
must decide which variables to collect, knowing that some relevant ones will inevitably be left out.
In general, complex predictions involve too many possibilities, and expanding the set of variables
is costly—data must be obtained and processed, and the decision is often made before the new
covariate can be observed, since it must first be collected.

This paper asks: How should we choose which covariates to include, and when should we
expand our model? Since any time we omit a potentially relevant variable we are choosing a mis-
specified model, we study agents who choose how misspecified they want to be. Our approach com-
plements the literature on rational inattention—by studying a specific form of inattention, namely
the acquisition of covariates—and on model misspecification—by studying agents who are aware
of their misspecification and choose it optimally in expectation. It also connects to classical results
in statistics on the value of an additional data point; here, we study the value of an additional
covariate. While the former is classic, the latter has received little attention.

Our model. A decision-maker must predict a variable 𝑦 and wants to minimize the squared pre-
diction error. They know that 𝑦 is linearly related to a set of covariates but do not know the
coefficients, as in canonical linear regressions. Suppose the agent can observe only a subset of
the relevant covariates. We ask: what is the value of expanding the model and adding one more
covariate, thereby reducing misspecification? We begin with a Bayesian decision-maker and later
consider the frequentist counterpart.

Revising the model. Suppose first that this decision is taken after the agent has obtained 𝑛 obser-
vations. We show that the value of this additional covariate is the sum of (i) its expected predictive
power and (ii) the expected learning spillovers on existing variables, which increasewith the number
of covariates already included. We further show that, in large samples, the value of an additional
covariate admits a simple characterization showing how the value is higher when (i) the fit of the
existing model is poor and (ii) the set of remaining covariates is small.

This result has several implications. First, we should expect model “expansion” in times of poor
fit—when surprising new evidence arises or when poorly fitting observations accumulate. This can
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generate behavior that appears non-Bayesian even when agents are fully Bayesian: when they in-
clude a new covariate, their predictions may “jump,” and an analyst unaware of the endogenous
choice of variables might mistake this for a violation of Bayes’ rule. Second, holding fit constant,
agents will tend to enlarge their model “early on”—when few datapoints are available—and more
so when their existing model is already large, since learning spillovers are then more pronounced.
Third, behavior can be affected by information—including theoretical advances—that changes be-
liefs about excluded variables. For example, theoretical results showing that a currently ignored
covariate is indeed irrelevant may alter behavior, since such results raise the expected explanatory
power of the remaining omitted variables, and thus increase their likelihood of inclusion.

Choosing the model in advance. Next, we consider the choice of model before any data are
observed—for instance, when an agent decides which variables to collect or which dataset to pur-
chase. We show that the value of an additional covariate is not only positive—unsurprisingly for a
Bayesian—but, under priors that treat covariates symmetrically, also increasing in the number of
covariates: the larger the model, the greater the value of enlarging it further. This result holds
because larger models imply learning spillovers across more variables, and this effect dominates
the fact that the spillover per covariate shrinks. This “convexity” of the value of covariates contrasts
with the well-known “concavity” of the value of datapoints: while the value of extra observations
is positive but decreasing, the value of extra covariates is positive and increasing.

The immediate implication is that a Bayesian with symmetric priors will choose “exploding”
models ex ante. Suppose each covariate has a fixed cost 𝑐, and an agent chooses how many to
include. If the value of adding one covariate exceeds 𝑐, then the value of each subsequent one
must also exceed 𝑐, implying that the Bayesian agent will consider the full model. Therefore, the
agent either includes no covariates or all of them. Even when priors are asymmetric or costs are
non-constant, our results highlight a general force pushing toward either small or very large models.

The case of the frequentist. What if the agent is a frequentist? By appropriately extending the
notion of expected loss, we obtain results similar to those for Bayesians when revising a model
after data: models expand when fit is poor and when few alternatives remain. However, the ex-
ante results differ sharply: a frequentist may have a negative and decreasing value for additional
covariates—intuitively, when the number of covariates is large relative to the number of observa-
tions. Moreover, for a class of priors in which covariates have decreasing importance, while the
Bayesian may still exhibit some convexity, the frequentist never does. Finally, we study a “sophisti-
cated” frequentist who can choose to ignore some variables if needed, and so the value of another
covariate is never negative. While such an agent’s values are not always positive or increasing, they
are nonetheless much lower and less steep than for Bayesians.
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Related Literature This paper relates to several strands of research on model misspecification,
information acquisition, model selection, and non-Bayesian behavior. First of all, it contributes to
the growing literature on decision-makers who are aware of their potential misspecification but
choose how to manage it. Classic approaches to misspecification typically treat misspecification as
exogenous—see Bohren and Hauser (2024) for a review of the literature in economic theory, and
Hansen and Sargent (2008) for a review of robust control. In contrast, we study agents who are
aware of omitted variables and endogenously choose how misspecified to be, trading off precision
against the cost of expanding their model. Related papers that study endogenous model switching
include Cho and Kasa (2015), Fudenberg and Lanzani (2023), Gagnon-Bartsch et al. (2023), He
and Libgober (2025), and Ba (2025). Rather than switching to a different model as in these papers,
we study agents who can reduce their misspecification at a cost, within a canonical linear regression
framework—a natural setting for analyzing specification choice that yields structured predictions.
Many of these papers find that the goodness of fit of the current model is a crucial determinant
of whether to act, either by switching models or, in our case, enlarging one. This connects to
recent experimental evidence showing that goodness of fit is an important consideration in model
selection (Barron and Fries, 2024; Ambuehl and Thysen, 2024; Aina and Schneider, 2025), and
helps rationalize why agents and institutions periodically enlarge their forecasting frameworks in
response to poor fit, echoing patterns observed in macroeconomic forecasting (e.g., Giacomini et al.,
2020) and in the evolution of econometric models in practice.

The paper also contributes to the literature on information acquisition and rational inattention,
beginning with Sims (2003); see Maćkowiak et al. (2023) for a review. While rational inattention
studies the optimal precision of signals under information constraints, we focus instead on the
selection of covariates—a discrete, structural form of inattention. In this sense, our framework is
closer to Hellwig and Veldkamp (2009) and Myatt and Wallace (2012), who analyze endogenous
signal structures, but differs in modeling the model’s dimension as the choice variable. It also relates
to the sparse inattention formulation of Gabaix (2014, 2019) where agents may fully ignore some
relevant dimension in their decisions, and Alaoui and Penta (2016) where there is a discrete choice
over depth of reasoning in games.

Our analysis also connects to the statistical literature on model selection and the value of ad-
ditional regressors. The decomposition of the value of a covariate into direct and spillover com-
ponents parallels classical results on the bias–variance trade-off and the “value of a data point” in
regression (e.g., Leamer, 1978), but our focus on covariates rather than observations yields distinct
comparative statics. The finding that Bayesian agents exhibit convexity in model dimensionality
complements results in Bayesian experimental design showing concavity in sample size (e.g., Lind-
ley, 1956; Chaloner and Verdinelli, 1995). The value of another observation has also been the
recent focus on a literature studying the data economy, surveyed in Veldkamp and Chung (2024).
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Finally, our work speaks to a broader behavioral literature that interprets apparent “non-Bayesian”
behavior as rational responses to model uncertainty. By showing how endogenous model revision
can produce discontinuous updates in beliefs, our analysis offers a Bayesian microfoundation to
models of non-Bayesian behavior based on model switching, like Ortoleva (2012) where, like in
our model, agents reconsider their approach if their current one fits the observed data poorly, se-
lecting a new model from a prior over priors.

2 The Environment
A decision-maker needs to make a forecast 𝑦̂𝑛 of a variable of interest 𝑦𝑛 ∈ R to minimize the square
forecast error (𝑦𝑛 − 𝑦̂𝑛)2. The decision-maker knows that each 𝑦𝑖 is drawn independently from the
following Data Generating Process (DGP):

𝑦𝑖 = 𝑥𝑖𝛽 𝑥𝑖 ∼ N𝑘 (0, 𝐼𝑘) ,

where 𝐼𝑘 is the identity matrix of size 𝑘. For each 𝑖, 𝑥𝑖 is drawn i.i.d.. This structure is known to
the agent, except that 𝛽 ∈ R𝑘 are (typically) unknown.

Three assumptions are implicit in this DGP. First, it assumes independent covariates, for sim-
plicity; our results easily extend to the more general case of correlation, as we discuss in Section 5.
Second, it assumes a linear structure, but this is not very restrictive (once correlation is allowed):
since all functions of a variable are permitted as covariates themselves (e.g., the square or cube of
a covariate), many functional forms can be approximated arbitrarily well. Third, it posits that the
complete set of covariates captures all the variation 𝑦—there is no additional “pure noise.” While
our results immediately generalize to adding extra noise, this formulation conceptually captures
the idea that a complete model would leave no space for uncertainty. Naturally, however, variation
akin to noise will emerge once incomplete models are considered, as we will see momentarily.

Models and Data. To help with their forecast, the agent has access to a set of covariates and a
dataset of 𝑛 past observations. The critical assumption is that they have access only to a subset
𝐽 ⊂ {1, ..., 𝑘} of the covariates. Denoting 𝑥𝐽𝑡 as the corresponding vector for each 𝑡 ∈ {0, . . . , 𝑛}
(and 𝑥−𝐽𝑡 the covariates left out), to predict 𝑦𝑛 agents have access to 𝑥𝐽𝑛 as well as a dataset with
𝑛 observations: 𝐷𝐽 :=

{
{𝑦𝑖, 𝑥𝐽𝑖}𝑛−1𝑖=0

}
. If we let 𝛽𝐽 denote the corresponding regression coefficients

and 𝛽−𝐽 those of the covariates not included, it is immediate to see that the agent will conduct their
forecasts as if the DGP were

𝑦𝑖 = 𝑥𝐽𝑖𝛽𝐽 + 𝜀𝐽𝑖 𝜀𝐽𝑖 ∼ N
(
0, 𝜎2𝐽

)
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where 𝜀𝐽𝑖 = 𝑥−𝐽𝑖𝛽−𝐽 and 𝜎2𝐽 =
∑

𝑗∉𝐽 𝛽
2
𝑗 . (Note that the latter holds because covariates are assumed

to be independent.) Intuitively, the agent does not observe the covariates outside of 𝐽, and treats
them as part of a noise term; indeed, the usual noise term could be understood as the outcome of
unobserved covariates.

In what follows, we use the expression “model 𝐽” to denote the family of plausible joint distri-
butions of 𝑦𝑖 and 𝑥𝐽𝑖 coming from the subset 𝐽. That is, given 𝜃𝐽 :=

{
𝛽𝐽 , 𝜎2𝐽

}
, model 𝐽 is given by{

𝑄𝜃𝐽

}
𝜃𝐽∈R | 𝐽 |×R+

where 𝑄𝜃𝐽 denotes the joint distribution of 𝑦𝑖 and 𝑥𝐽𝑖 induced by parameters 𝜃𝐽 .

The Choice of Models. The bigger 𝐽, the more information in 𝐷𝐽—adding another column to the
dataset —, and, therefore, the better the predictions in expectation. The goal of this paper is to
quantify how much better they are: What are the incentives to expand the set 𝐽?

As discussed in the introduction, we consider two possible timings. In the “ex-post problem,”
the agent observes a dataset with 𝑛 observations and 𝐽 covariates first, and then decides whether
to expand the model to obtain data from a larger dataset 𝐽′ ⊇ 𝐽. In the “ex-ante problem,” we
study the decision of which 𝐽 covariates to observe, knowing that 𝑛 observations will be available
and assuming no data can be observed later.

In both cases, our task is to characterize the benefit of adding an additional covariate to the
model. Then, the agent will need to compare it to the cost of including the covariate, for a given
cost function 𝑐(𝐽, 𝑛). Together, this gives all we need to characterize the optimal 𝐽.

Priors and Large Samples. For Bayesian decision-makers, let 𝜋 denote the prior over the un-
known parameters of the DGP, updated using 𝐷𝐽 . As it is well known, analytical results for posterior
distributions are notoriously hard to obtain unless one assumes a conjugate prior. Unfortunately
for our setup, if a prior is conjugate for one model 𝐽, then generically it will not be conjugate for
another 𝐽′.¹ To obtain analytical results, we will at times focus on large samples, and to this end,
posit a high-level assumption on the prior 𝜋 that guarantees that the posterior variance decreases
at rate 𝑛.

Assumption 1. As 𝑛 → ∞, for any 𝑗 ∈ 𝐽, we have 𝑛V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] 𝑝→ 𝜎2𝐽 .

This property holds under mild regularity conditions, as shown by the Bernstein-von Mises
¹For model 𝐽 to have a conjugate prior, 𝜎2𝐽 must follow an inverse gamma distribution. But if we also want a

conjugate prior for model 𝐽′ = 𝐽 ∪ {𝑙}, then 𝜎2𝐽′ = 𝜎2𝐽 + 𝛽2𝑙 must also follow an inverse gamma. We are not aware of
any distribution for 𝛽2𝑙 that would result in 𝜎2𝐽′ following an inverse gamma (outside of a degenerate distribution at 0).
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theorem.² If prior variance is finite and atomless, Assumption 1 implies that, as 𝑛 → ∞,³

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] ]
= E𝜋

[
𝜎2𝐽

]
/𝑛 + 𝑜

(
𝑛−1

)
. (1)

We refer to the “asymptotic approximation” as the value of E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] ]
(and functions of it)

that disregards the remainder term 𝑜
(
𝑛−1

)
. Appendix B.1 demonstrates that it is quite accurate,

even for relatively small samples.

3 Endogenous Misspecification for Bayesian Decision-Makers

3.1 Revisiting the Model After Data
We begin our analysis with the case in which agents have observed a dataset with covariates 𝐽 and
need to decide whether to enlarge it with a new covariate {𝑥𝑙𝑖}𝑛𝑖=0 at a given cost. If they do, they
enrich their dataset with this new covariate for all observations. Let 𝐷𝐽 denote the original dataset,
𝐽′ = 𝐽 ∪ {𝑙} the larger set of covariates, and 𝐷𝐽′ =

{
{𝑦𝑖, 𝑥𝐽′ 𝑖}𝑛−1𝑖=0

}
the larger dataset.

After observing dataset 𝐷𝐽 , a Bayesian agent updates their prior and forms their forecast of 𝑦𝑛
as a function of the observed covariates 𝑥𝐽𝑛. The optimal prediction is the one that minimizes the
expected loss; denote it by 𝑦̂𝐵(𝑥𝐽𝑛). A standard and intuitive result in Bayesian statistics is that
𝑦̂𝐵 (𝑥𝐽𝑛) = 𝑥𝐽𝑛E𝜋 [𝛽𝐽 | 𝐷𝐽].

For our purposes, it is useful to characterize the loss that the agent expects to have after observ-
ing 𝐷𝐽 but before observing 𝑥𝐽𝑛, that is

𝐿𝐵 (𝐷𝐽) := E𝜋

[
E𝑄𝜃

[
(𝑦𝑛 − 𝑦̂𝐵 (𝑥𝐽𝑛))2

]
| 𝐷𝐽

]
.

We refer to this object as the expected posterior loss. The following lemma characterizes it.

²The Bernstein-von Mises theorem shows that the posterior 𝛽𝐽 | 𝐷𝐽 satisfies




𝛽𝐽 | 𝐷𝐽 − N| 𝐽 |

(
𝛽𝐽 ,

𝜎2𝐽
𝑛
𝐼 | 𝐽 |

)





𝑇𝑉

𝑄𝜃𝐽→ 0,

where ∥·∥𝑇𝑉 denotes the total variation distance and 𝛽𝐽 is the OLS estimator of 𝛽𝐽 , establishing an asymptotic relation-
ship between Bayesian and frequentist statistics: the Bayesian credible interval and the frequentist confidence interval
coincide in large samples, which means the Bayesian credible interval shrinks at rate 𝑛, implying our assumption.

³Eq. (1) can be shown as follows. First, under 𝑄𝜋, the sequence of expected posterior variances is strictly decreasing
and therefore bounded, as can be shown with the same arguments as in the proof of Proposition 2. Second, if the prior
variance is atomless, the posterior variances are atomless as well. Therefore, this sequence is uniformly integrable.
Thus, by the Vitali convergence theorem, it converges in mean, and so 𝑛E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] ]
→ E𝜋

[
𝜎2𝐽

]
, implying (1).
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Lemma 1. The following is true:

𝐿𝐵 (𝐷𝐽) =
∑
𝑗∈𝐽

V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
+

∑
𝑗∉𝐽

E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
. (2)

Intuitively, the expected posterior loss can be decomposed into two terms. First,∑ 𝑗∈𝐽 V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
:

the uncertainty coming from imperfect knowledge of 𝛽𝐽 , the coefficients for the observed covari-
ates; this is what Montiel Olea et al. (2022) denote “model estimation uncertainty”. Second,∑

𝑗∉𝐽 E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
: the uncertainty coming from the fact that some covariates are unobserved.

With this characterization, we can turn to the value of including a new covariate: this will be
the expected decrease in expected posterior loss, which must be evaluated before the new covariate
is observed. The value of an additional covariate 𝑙 is therefore

V𝐵 (𝐷𝐽 , 𝑙) := 𝐿𝐵 (𝐷𝐽) − E𝑄𝑥 [𝐿𝐵 (𝐷𝐽′) | 𝐷𝐽] , (3)

where the expectation is over 𝐷𝐽′\𝐷𝐽 = {𝑥𝑙𝑖}𝑛−1𝑖=0 , with 𝑄𝑥 denoting its distribution. Our first result
shows that also V𝐵 (𝐷𝐽 , 𝑙) admits a simple characterization with an intuitive interpretation.

Lemma 2. The following is true:

V𝐵 (𝐷𝐽 , 𝑙) = E𝜋 [𝛽𝑙 | 𝐷𝐽]2 +
∑
𝑗∈𝐽′

(
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− E𝑄𝑥

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

] )
. (4)

The expected gains from enlarging the dataset are the sum of two terms, which we can under-
stand as a direct and an indirect effect. The first term, E𝜋 [𝛽𝑙 | 𝐷𝐽]2, captures the direct effect:
the additional covariate is directly useful for making predictions, and this is particularly true the
more we expect it to matter—if 𝛽𝑙 = 0, it won’t help, if |𝛽𝑙 | is large, it will. The second term,∑

𝑗∈𝐽′
(
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− E𝑄𝑥

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

] )
, captures the indirect effect: how much is observ-

ing one additional covariate improving my ability to understand the existing ones, a spill-over learn-
ing effect. Another way to understand these effects is to think of including a covariate as moving
some of the variation from the unobserved noise term 𝜀𝐽 into an observed element, thereby reduc-
ing the noise in the estimation 𝜎2𝐽 . A direct effect is that this reduces unexplained variation, while
the indirect effect is that it also speeds up learning about the model’s parameter estimates for the
covariates that are already observed.

Relation toModel Fit in Large Samples. How does the benefit of an additional covariate relate to
how the previous model performed? To study this case, we focus on large samples and on Dirichlet
priors that include only parameters compatible with the observed noise. In particular, recall that
by Assumption 1, the decision-maker eventually learns the regression coefficients inside the model
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and precisely estimates 𝜎2𝐽 , but receives no information about which of the covariates outside the
model contributes to it. Then, let Θ̃ 𝑗 denote all distributions of normalized coefficients 𝛽 𝑗 for 𝑗 ∉ 𝐽

compatible with 𝜎2𝐽 , that is:

𝛽 𝑗 :=
𝛽 𝑗

𝜎𝐽
∀ 𝑗 ∉ 𝐽 Θ̃𝐽 :=

{
𝛽2𝑗 :

∑
𝑗∉𝐽

𝛽2𝑗 = 1

}
.

Proposition 1. If 𝜋 is such that
{
𝛽2𝑗

}
𝑗∉𝐽

jointly follow a Dirichlet distribution with parameter vector{
𝛼 𝑗

}
𝑗∉𝐽 with support in Θ̃𝐽 , then as 𝑛 → ∞

V𝐵 (𝐷𝐽 , 𝑙)
𝑝→ 𝛼𝑙∑

𝑗∉𝐽 𝛼 𝑗
𝜎2𝐽 .

Intuitively, the value of an additional covariate in large samples is the share of the residual noise
that can be attributed to that variable according to the agent’s prior. When that is symmetric for all
varibles left out (𝛼 𝑗 = 𝛼𝑖 for all 𝑖, 𝑗 ∉ 𝐽), the value of each additional covariate converges to 𝜎2𝐽

𝑘−|𝐽 | .⁴
Interestingly, this can be directly related to how well model 𝐽 fits the data. Specifically, consider
the population coefficient of determination, which captures how much of 𝑦’s variance is explained
by model 𝐽

𝑅2∞ (𝐽) := 1 −
𝜎2𝐽

V [𝑦𝑖]
.

Corollary 1. Under the conditions of Proposition 1

V𝐵 (𝐷𝐽 , 𝑙)
𝑝→ 𝛼𝑙∑

𝑗∉𝐽 𝛼 𝑗

(
1 − 𝑅2∞ (𝐽)

)
V [𝑦𝑖]

This result shows that the value of an additional covariate has a simple formula. Holding fixed
the variance of 𝑦, which scales the value of learning, the value of an additional covariate is i)
decreasing in model fit and ii) increasing in the expected share of explanatory power. Both are
intuitive. If model fit is high, the variation left to be explained is small, and so is the benefit of an
additional covariate. And if the agent believes most of the observed noise can be attributed to other
covariates, the expected benefit is small. This is even more explicit in the symmetric case, where
the formula becomes

V𝐵 (𝐷𝐽 , 𝑙)
𝑝→ 1

𝑘 − |𝐽 |
(
1 − 𝑅2∞ (𝐽)

)
V [𝑦𝑖] .

When many covariates are left out and the agent is unsure which are relevant, the expected value
of an additional covariate decreases, as the agent is worried it may not be relevant.

⁴It is easy to see how this latter result does not rely on the Dirichlet functional form—all we need is a symmetric
prior over the 𝛽 𝑗s for 𝑗 ∉ 𝐽.
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(a) 𝑛 = 10, all simulations (b) 𝑛 = 10, only 𝜎2𝑦 ≈ 1 (c) 𝑛 = 100, only 𝜎2𝑦 ≈ 1

Figure 1: Model Fit and Value of an Additional Covariate

Small Samples. While solving our problem analytically for small samples is challenging since we
do not have conjugate priors, simulations suggest that the essence of our result holds in that case
as well. In particular, we continue to find a negative relation between the value of an additional
covariate and model fit. We discuss our main results here and leave details to Appendix B.3.⁵

Figure 1 plots the value of an additional covariate and our notion of model fit for many different
values of 𝛽 and {𝑥𝑖}𝑛𝑖=0. Panel (a) shows a clear negative relationship when 𝑛 = 10, where each dot
represents a different 𝛽 and {𝑥𝑖}𝑛𝑖=0. Part of the variation in this graph stems from the heterogeneous
empirical variances of 𝑦 across small-sample simulations—if 𝑦 appears volatile, a Bayesian agent
infers a higher value for a new covariate. Panel (b) shows that the relationship is much tighter
if we focus on simulations in which the estimated variance lies within the interval [0.999,1.001].
Increasing observations to 𝑛 = 100 makes this even more so, as shown in Panel (c).

3.1.1 Implications

Change The Model When Forecasts Fail. Our results immediately imply we should observe “ex-
pansions” of the model when forecasting is poor, e.g., with a string of observations incompatible
with the current model. This may happen, for example, when surprising new evidence comes to

⁵To define expected model fit for a Bayesian in small samples, we follow Gelman et al. (2019). Denote by 𝑅2 the
ratio explained variance over total variance, 𝑅2 (𝛽) :=

V𝑄𝛽
[𝑥𝐽𝑖𝛽𝐽 ]

V𝑄𝛽
[ 𝑦𝑖 ] =

∑
𝑗∈𝐽 𝛽2𝑗∑𝑘
𝑗=1 𝛽2𝑗

, where 𝑄𝛽 is the joint distribution of {𝑥𝑖, 𝑦𝑖}
implied by 𝛽, and the equality follows immediately from the definition of 𝑦𝑖 and the distributions of 𝑥𝑖. We can then
define the expected coefficient of determination as E𝜋

[
𝑅2 (𝛽) | 𝐷𝐽

]
.
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light—reminiscent of several epistemological models that explain how new evidence may spur sci-
entific “revolutions.” In our setup, this may occur even at a much smaller scale: a sequence of
observations that is compatible with the existing model, yet fits it poorly, may prompt the decision-
maker to consider a new covariate—one that could induce radically different predictions.

In turn, this means we may observe discrete “jumps” in forecasting, because the agent will have
an additional 𝑥𝑙𝑛E𝜋 [𝛽𝑙 | 𝐷𝐽] term in the forecast 𝑦̂𝑛. This may happen after an “extreme” observa-
tion that prompts the need for a newmodel, or even an observation not far from the model’s current
predictions, but that pushes the model fit just below the threshold—the “last straw”—inducing the
need for a new covariate and, possibly, a substantial change in predictions.

This also suggests a lower bound in model fit across problems and across agents. Recall that
our results show that (for large enough samples), V𝐵 (𝐷𝐽 , 𝑙) ≈ 1

𝑘−|𝐽 |
(
1 − 𝑅2∞ (𝐽)

)
V [𝑦𝑖] . Assume

that the cost of acquiring a new covariate is the same for each one left out, and call it 𝑐̄. As the
agent will acquire a new covariate if V𝐵 (𝐷𝐽 , 𝑙) ≥ 𝑐̄ for some 𝑙 ∉ 𝐽, we must have V𝐵 (𝐷𝐽 , 𝑙) < 𝑐̄

for the model actually used in the long run, giving us a lower bound on model fit:

𝑅2∞ (𝐽) > 1 − 𝑐̄
𝑘 − |𝐽 |
V [𝑦𝑖]

.

Finally, an economic implication is that agents may use the type of information acquisition we
study to dampen the effects of shocks that increase uncertainty, with important consequences for
predicting their responses. For example, if we observe increased volatility in firm-level outcomes
(e.g., revenue), we may be wary of the negative effect on investment due to increased uncertainty,
as in Bloom (2009). However, realized volatility is not exactly the same as perceived uncertainty,
and in this relationship, it’s important to account for potential endogenous information acquisition.
If increased volatility leads to model expansion, as our theory predicts, then the effect on perceived
uncertainty and investment might be reduced. In fact, if—by chance—the newly included covariate
proves to be particularly effective in explaining variation, to the point that the new model’s fit is
higher than the previous model’s fit before the increase in volatility, then we may even observe
reverse effects—investments may increase despite the volatility increase.

Change The Model Early On and When the Model is Large. Lemma 2 shows that the benefit
of a new covariate is the sum of the variance explained by that new covariate and the spill-over
learning effects on other covariates. This means that the acquisition of a new covariate will tend to
happen particularly when, fixing model fit, little data is available and spill-over learning effects are
more valuable (as the 𝛽s for existing covariates are estimated with more noise, that is, V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
is high).

This also means that model change will tend to occur when, holding model fit constant, the
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existing model already has many covariates, leading to greater spill-over learning. That is, fixing
fit, model expansion tends to occur early on, and when models are already larger to begin with.

Change The Model When You Know What to Add: The Role of Theory. An additional implica-
tion of our results is intuitive: agent expand their model only when they know what to add. When
too many alternatives are available and agents are unsure of which are the important ones, they
will be wary of incurring the cost, given the risk that the new covariate will prove useless.

While this is intuitive, it implies that new information about the variables excluded from the
model may also affect behavior. First, information in support of an excluded covariate will, natu-
rally, matter. For example, new theoretical work may suggest that a previously disregarded covari-
ate could have strong predictive power. Our results show that if this change is large enough, the
agent will actually include this new covariate, following a simple formula. A bit less directly, also
information fully compatible with the current model may induce change. Suppose, for example,
the agent is currently disregarding covariates 𝑥7, 𝑥8, and 𝑥9, and that their prior about their role is
symmetric. Suppose that new information arises, like a new theoretical model, that shows that 𝑥9 is
indeed irrelevant (𝛽9 = 0), confirming the agent’s decision to leave it out. Yet, this may also induce
a discrete jump in behavior: as the agent now has better information about the role of the other
variables left out, they may choose to include at least one of them, since each is (in expectation)
now explaining half of the residual variance instead of only one third.

A Bayesian Explanation for Non-Bayesian Behavior? The implications above suggest that our
framework may provide a Bayesian explanation for what may appear to be non-Bayesian behavior.
If the analyst does not observe the agent’s model and mistakenly assumes either that all covariates
are used or that the model is unchanged, they may believe that the Bayesian agent we study is,
in fact, non-Bayesian. This is clear in the examples above: major shifts in predictions due to very
noisy additional information compatible with the existing models—like the “last straw” example
discussed above—can easily be mistaken for violations of Bayes’ rule. Indeed, this behavior is
reminiscent of the model in Ortoleva (2012), where the agent’s “reconsiders” the model they are
using if the model fit is sufficiently low.

This suggests a decomposition of forecast updates. Consider a Bayesian agent with model 𝐽
that observes 𝑥𝐽𝑛 before observing 𝐷𝐽 . The forecast in this case will use the prior belief over 𝛽𝐽:

𝑦̂𝑛 = 𝑥𝐽𝑛E𝜋 [𝛽𝐽]

Consider the case where, after they observe 𝐷𝐽 , they expand the model to 𝐽 ∪ {𝑙}, updating the
forecast to

𝑦̂′𝑛 = 𝑥𝐽′𝑛E𝜋 [𝛽𝐽′ | 𝐷𝐽′]

11



Then, the forecast update can be decomposed as follows:

𝑦̂′𝑛 − 𝑦̂𝑛 = 𝑥𝐽𝑛 (E𝜋 [𝛽𝐽 | 𝐷𝐽] − E𝜋 [𝛽𝐽])︸                               ︷︷                               ︸
“Bayesian” update

+ 𝑥𝐽𝑛 (E𝜋 [𝛽𝐽 | 𝐷𝐽′] − E𝜋 [𝛽𝐽 | 𝐷𝐽]) + 𝑥𝑙𝑛E𝜋

[
𝛽𝐽′\𝐽 | 𝐷𝐽′

]
.︸                                                                      ︷︷                                                                      ︸

“Non-Bayesian” update

The first term in the non-Bayesian update captures the improved estimation of 𝛽𝐽 , and the second
term references the inclusion of a new predictive covariate. Despite this apparent deviation from
standard Bayesian norms, of course, this behavior has a fully Bayesian rational underpinning.

Empirical Evidence. Several papers across fields documented an increase in information acqui-
sition in times when agents’ forecasting accuracy decreases. For investors deciding whether to
acquire stocks, Andrei et al. (2023) find that heightened macro and micro economic uncertainty
increases downloads at SEC EDGAR, a public repository for company SEC filings, and company-
specific google searches; Fischer et al. (2024) find that EDGAR downloads and Bloomberg terminal
attention for a firm are higher when that firm’s observed price deviates more from the price that
would be expected based on earnings. In a study of professional forecasters during the 2008 finan-
cial crisis, Giacomini et al. (2020) shows behavior reminiscent of model revision in light of poor
model fit; narrative evidence suggests similar behavior by governments and international institu-
tions during the COVID pandemic (Buell et al., 2021; Barbaglia et al., 2023).

3.2 Choosing the Model Ex-Ante
What if the agent needs to decide which covariates to observe before seeing any data? This is the
case, for example, of a researcher, company, or institution that needs to choose which dataset to
purchase or assemble before accessing any of it, or provide company-wide guidelines on how to ap-
proach each problem. Specifically, suppose that the decision-maker chooses the model 𝐽 before ob-
serving any data subject to a cost that is increasing model size, receives dataset 𝐷𝐽 =

{
{𝑦𝑖, 𝑥𝐽𝑖}𝑛−1𝑖=0

}
,

observes 𝑥𝐽𝑛, and, finally, makes a prediction about 𝑦𝑛. How is 𝐽 chosen?
As in the previous section, the Bayesian agent has a prior over the unknown parameters of the

DGP, which is updated with the data and used to form a loss-minimizing optimal prediction. While
the characterization of the loss conditional on 𝐷𝐽 in Lemma 1 continues to hold, here we need
to compute the expectation before 𝐷𝐽 is realized. Denoting by 𝑄𝜋 the joint distribution over 𝐷𝐽

implied by 𝜋, this is given by

L𝐵 (𝐽, 𝑛) := E𝑄𝜋 [𝐿𝐵 (𝐷𝐽)] =
∑
𝑗∈𝐽

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] ]
+

∑
𝑗∉𝐽

E𝜋

[
𝛽2𝑗

]
. (5)

If 𝑐 (𝐽, 𝑛) represents the cost of acquiring dataset 𝐷𝐽 of length 𝑛, the model/data decision is
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given by a standard tradeoff:
min
𝐽,𝑛

L𝐵 (𝐽, 𝑛) + 𝑐 (𝐽, 𝑛) .

Our task here will be to characterize L𝐵 (𝐽, 𝑛), the new object of this analysis.

Monotonicity ofL𝐵. A first, trivial observation is thatL𝐵 must be decreasing in both arguments—
both bigger 𝑛 and a larger set of covariates meanmore data andmust entail a weakly lower expected
loss, that is, 𝐽′ ⊇ 𝐽 and 𝑛′ ≥ 𝑛 imply L𝐵 (𝐽, 𝑛) ≥ L𝐵 (𝐽′, 𝑛′). To characterize how L𝐵 (𝐽, 𝑛)
evolves, we can again focus on how it changes as we add a covariate 𝑙 ∉ 𝐽. We can then define
the ex-ante value of additional covariates simply as the expected reduction in loss it induces, that
is, V𝐴

𝐵 (𝐽, 𝐽 ∪ {𝑙}, 𝑛) := L𝐵 (𝐽, 𝑛) − L𝐵 (𝐽 ∪ {𝑙}, 𝑛).

Proposition 2. The following is true:

V𝐴
𝐵 (𝐽, 𝐽 ∪ {𝑙}, 𝑛) = E𝜋 [𝛽𝑙]2 + V𝜋 [𝛽𝑙] − E𝑄𝜋 [V𝜋 [𝛽𝑙 | 𝐷𝐽′]]

+
∑
𝑗∈𝐽

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

] ]
(6)

If 𝜋 is atomless over 𝛽,

V𝜋 [𝛽𝑙] − E𝑄𝜋 [V𝜋 [𝛽𝑙 | 𝐷𝐽′]] > 0

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

] ]
> 0.

The value of an additional covariate can be decomposed as the sum of three components: (i)
E𝜋 [𝛽𝑙]2, the expected forecasting relevance of the additional covariate, now an input to the fore-
cast; (ii) V𝜋 [𝛽𝑙] − E𝑄𝜋 [V𝜋 [𝛽𝑙 | 𝐷𝐽′]], the expected learning gain on 𝛽𝑙 itself; iii) the expected
learning gains on parameter 𝛽 𝑗 of the original model, E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

] ]
—the ex-

pected learning spill-over. The first is weakly positive, the latter two are strictly so. This result
parallels our previous one on ex-post valuations, including the presence of learning spill-overs.

Convexity of L𝐵. Next, we show that the benefit of information displays a form of convexity: if
covariates have similar importance, the value of an additional covariate is increasing in the number
of covariates already observed. As this analysis faces the same challenges encountered in Section
3.1—analytical solutions are hard to obtain here because of the lack of conjugate priors. Like before,
we focus first on (relatively) large samples and provide simulations for small samples.

Consider first the case in which covariates are ex-ante similar: a prior is symmetric if E𝜋

[
𝛽2𝑙

]
=

E𝜋

[
𝛽2𝑙′

]
> 0 for all 𝑙, 𝑙′.
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Proposition 3. If 𝜋 is symmetric, then for any 𝐽 and 𝑙, 𝑙′ ∉ 𝐽, there exist some 𝑛 ∈ N such that ∀𝑛 ≥ 𝑛,
V𝐴

𝐵 (𝐽 ∪ {𝑙}, 𝐽 ∪ {𝑙, 𝑙′}, 𝑛) > V𝐴
𝐵 (𝐽, 𝐽 ∪ {𝑙}, 𝑛).

This result illustrates a form of convexity in the value of covariates, meaning that −L𝐵 is convex
in the size of the model. This follows since the value of an additional covariate V𝐴

𝐵 is increasing
in the number of covariates. For an intuition, recall that there are two benefits of including an
additional covariate: the direct benefit of learning about it—constant under a symmetric prior—
and the learning spillover for other covariates. The proposition shows that, as we consider larger
and larger models, learning spillovers increase. Intuitively, it shows that the fact that spillovers
apply to more covariates is more important than the fact that, once we have little variance left to
explain, spillovers for each covariate are smaller. While the result is stated for large enough samples,
simulations show that convexity appears robust in small samples as well; Appendix B.2 shows this
in detail.

Interestingly, the convexity in model dimensionality stands in contrast to the well-known con-
cavity in dataset size. A classic result is that the gains from one additional observation

L𝐵 (𝐽, 𝑛) − L𝐵 (𝐽, 𝑛 + 1)

are decreasing in 𝑛: the more observations you have, the less valuable an extra observation is. With
symmetric priors, the opposite is true of covariates: Themore covariates you have, themore valuable
an extra observation is. As we will discuss, this has several implications.

Beyond Symmetric Priors. The result above on the convexity of the value of covariates relies
on the assumptions that each additional covariate is of similar expected explanatory power. If
additional covariates are of decreasing expected importance, this result may fail because two forces
are at play: the increase in learning spillovers and the decreasing expected importance. To illustrate,
consider a prior where covariates are ordered in (linearly) decreasing expected importance: a prior
𝜋 is linear if E𝜋

[
𝛽2𝑗

]
= 𝜆 (1 + 𝑘 − 𝑗) /𝑘 for some 𝜆 > 0 for all 𝑗. Naturally, agents will consider

adding covariates following their order: an agent with model 𝐽 first considers adding covariate
|𝐽 | +1, then |𝐽 | +2, and so on. We can then use the shorthandV𝐴

𝐵 ( |𝐽 | , 𝑛) := V𝐴
𝐵 (𝐽, 𝐽 ∪ |𝐽 | + 1, 𝑛),

since (|𝐽 |, 𝑛) holds all the information necessary to calculate the value of an additional covariate.

Proposition 4. If 𝜋 is linear, then:

1. For any 𝑘, ∃𝑛 > 2𝑘 − 1 such that ∀𝑛 ≥ 𝑛, V𝐴
𝐵 ( |𝐽 |, 𝑛) is strictly decreasing in |𝐽 |;

2. ∃𝑛 such that ∀𝑛 ≥ 𝑛, ∃𝑘 such that V𝐴
𝐵 ( |𝐽 |, 𝑛) is strictly increasing in |𝐽 | for |𝐽 | < 2𝑘−𝑛

3 − 3,
and strictly decreasing for some |𝐽 | ≤ 𝑘.
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When observations are abundant relative to covariates and the prior is linear, the value of an
extra covariate is always decreasing. This is because with abundant data, learning spillovers are
small. But when covariates are more abundant relative to observations, the value of an extra co-
variate is first increasing and then decreasing. That is, in this case, the value of covariates is first
convex and then concave.

3.2.1 Implications

The results above have an immediate implication: when choosing a model before observing data,
agents face an inherent pull toward either very small or very large models. To see this, consider an
agent with symmetric priors who can add each covariate at a fixed cost 𝑐̄. Our results imply that
such an agent will choose either no covariate at all or the full model. If the value of adding one
covariate exceeds 𝑐̄, then the value of each subsequent onemust also exceed 𝑐̄; hence, once the agent
starts including covariates, they will never stop. Naturally, the same logic applies if costs decrease
with the number of covariates. Consequently, the typical “intermediate” model that includes some
but not all covariates can arise only under asymmetric priors or increasing costs. And even in these
cases, the same underlying force remains: a bias toward larger models.

Moreover, recall that the convexity in the value of covariates stems from learning spillovers.
As these spillovers vanish when 𝑛 grows large, the tendency to select particularly large models is
strongest when samples are not too large—when predictions are less precise and additional co-
variates are most valuable. As data accumulate further, spillovers become smaller and agents stop
buying new covariates, settling either in their small or big models that they decided early on.

4 A Frequentist Approach
While in economic theory it is standard to consider Bayesian agents, forecasts in the real world are
often conducted using OLS estimators—a purely frequentist approach.

4.1 A Frequentist Revisiting the Model After Data
Let 𝑦̂ 𝑓 (𝑥𝐽𝑛) be the OLS prediction of 𝑦𝑛 by a frequentist who observes the dataset 𝐷𝐽 , that is,
𝑦̂ 𝑓 (𝑥𝐽𝑛) := 𝑥𝐽𝑛𝛽𝐽 where 𝛽𝐽 :=

(
𝑋′
𝐽𝑋𝐽

)−1
𝑋′
𝐽𝑌 , taking 𝑋𝐽 ∈ R𝑛×|𝐽 | as the matrix form of the observed

covariates {𝑥𝐽𝑖}𝑛−1𝑖=0 and 𝑌 as the analogous vector form of {𝑦𝑖}𝑛−1𝑖=0 . Note that the distribution of the
OLS estimator is given by 𝛽𝐽 | 𝑋𝐽 ∼ N

(
𝛽𝐽 , 𝜎2𝐽

(
𝑋′
𝐽𝑋𝐽

)−1) . Denote this distribution by 𝑄𝛽.
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Expected Loss for a Frequentist. Our first step is to define a frequentist analogue to the Bayesian’s
expected posterior loss. Consider the following loss function:

ℓ 𝑓 (𝜃𝐽 , 𝐷𝐽) := E𝑄𝜃𝐽

[
𝑦𝑛 − 𝑦̂ 𝑓 (𝑥𝐽𝑛)

]
=

(
𝛽𝐽 − 𝛽𝐽 (𝐷𝐽)

)′ (
𝛽𝐽 − 𝛽𝐽 (𝐷𝐽)

)
+ 𝜎2𝐽 . (7)

This is the expected loss of using OLS to forecast, given all parameters 𝜃𝐽 , where the second line
follows from the same steps as in the proof of Lemma 1. Intuitively, the agent’s forecast will err
when (i) 𝛽 is not precisely estimated by OLS, and (ii) many important determinants of 𝑦 are not
observed and thus 𝜎2𝐽 is high. However, coherent with the frequentist approach, we should also
assume that this agent estimates 𝜎2𝐽 with frequentist methods, analogous to the treatment of 𝛽𝐽 .
This gives us the following loss function:

ℓ̂ 𝑓 (𝜃𝐽 , 𝐷𝐽) :=
(
𝛽𝐽 − 𝛽𝐽 (𝐷𝐽)

)′ (
𝛽𝐽 − 𝛽𝐽 (𝐷𝐽)

)
+ 𝑠2𝐽 (𝐷𝐽) (8)

𝑠2𝐽 (𝐷𝐽) :=
𝑛−1∑
𝑖=0

(
𝑦𝑖 − 𝛽𝐽𝑥𝐽𝑖

)2
𝑛 − |𝐽 | . (9)

In this case, the distribution of the t-statistic follows 𝛽 𝑗−𝛽 𝑗√
𝑠2𝐽 (𝐷𝐽)(𝑋 ′

𝐽𝑋𝐽)−1𝑗 𝑗
| 𝐷𝐽 ∼ 𝑡𝑛−|𝐽 |, where 𝑍 𝑗 𝑗 refers to

element ( 𝑗, 𝑗) of matrix 𝑍. Using this distribution, we can integrate over 𝛽𝐽 and note that 𝜃𝐽 drops
out of the expression, giving us a definition for the frequentist-equivalent of expected posterior loss,

𝐿 𝑓 (𝐷𝐽) := E𝑄𝛽

[
ℓ̂ 𝑓 (𝜃𝐽 , 𝐷𝐽)

]
=

(
1 +

(
𝑛 − |𝐽 |

𝑛 − |𝐽 | − 2

)
tr

[ (
𝑋′
𝐽𝑋𝐽

)−1] )
𝑠2𝐽 (𝐷𝐽) . (10)

Expected Loss from the Enlarged Dataset. Next, we want to compute the expected loss from
the larger dataset, E𝑄𝑥

[
𝐿 𝑓 (𝐷𝐽′) | 𝐷𝐽

]
. However, the expected residual variance with an additional

covariate is not well defined in standard frequentist statistics, forcing us to make an assumption
about how the agent forms beliefs. We consider the case of symmetry across all covariates outside
the model,⁶ meaning the agent expects a proportional reduction in residual variance, as formalized
by the following assumption about how the frequentist forms beliefs.

Assumption 2. For a frequentist agent considering a larger model 𝐽′ = 𝐽 ∪ {𝑙}, the following is true:

E𝑄𝑥

[
𝑠2𝐽′ (𝐷𝐽′) | 𝐷𝐽

]
=

(
𝑘 − |𝐽 | − 1

𝑘 − |𝐽 |

)
𝑠2𝐽 (𝐷𝐽) .

⁶Our results easily extend to non-symmetric beliefs, but that is more cumbersome in notation and provides little
additional insight. Therefore, we focus on the symmetric case for exposition.
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The Value of an Additional Covariate. Finally, we can define the value of an additional covariate
for a frequentist in a way analogous to the one used for Bayesians:

V𝑓 (𝐷𝐽 , 𝑙) := 𝐿 𝑓 (𝐷𝐽) − E𝑄𝑥

[
𝐿 𝑓 (𝐷𝐽′) | 𝐷𝐽

]
.

It turns out that, also for a frequentist, this admits a characterization related to model fit. Adopt-
ing the usual frequentist definition of 𝑅2, we obtain the following.

Lemma 3. Under Assumption 2,

V𝑓 (𝐷𝐽 , 𝑙) =
𝑔 (𝑋𝐽)

1 − |𝐽 |/𝑛
(
1 − 𝑅2

)
𝑠2𝑦 (𝑌 )

where

𝑔 (𝑋𝐽) := 1 +
(

𝑛 − |𝐽 |
𝑛 − |𝐽 | − 2

)
tr

[ (
𝑋′
𝐽𝑋𝐽

)−1]
−

(
𝑘 − |𝐽 | − 1

𝑘 − |𝐽 |

) (
1 +

(
𝑛 − |𝐽 | − 1

𝑛 − |𝐽 | − 3

)
E𝑄𝑥

[
tr

[ (
𝑋′
𝐽′𝑋𝐽′

)−1] | 𝐷𝐽

] )
𝑠2𝑦 (𝑌 ) :=

𝑛−1∑
𝑖=0

𝑦2𝑖
𝑛
.

As with the Bayesian, a worse model fit increases the value that an agent places on acquiring
a new covariate. Notably, this result holds formally also in small samples—for a fixed estimated
variance of 𝑦⁷ and for a fixed 𝑔 (𝑋𝐽). The latter term captures the difference between the degree
of model uncertainty with model 𝐽 and its expected degree with model 𝐽′, adjusted by the degrees
of freedom. A high 𝑔 (𝑋𝐽) arises when the agent expects to learn a lot about 𝛽𝐽′ with the extra
covariate—albeit in the frequentist sense of learning.

Figure 2 illustrates this result using simulations. The left panel plots the value of an additional
covariate against the coefficient of determination for randomly drawn 𝑋 and 𝛽.⁸ While the value
of an additional covariate is clearly inversely related to the model’s fit, as was the case for the
Bayesian, the relation is far from perfect due to variation in 𝑔 (𝑋𝐽) and 𝑠2𝑦 (𝑌 ). In this case, it is the
variation in 𝑠2𝑦 (𝑌 ) that drives this: the right panel plotsV𝑓 (𝐷𝐽 , 𝑙) /𝑠2𝑦 , the value of an extra covariate
normalized by the MLE estimator of the variance of 𝑦𝑖, showing a much tighter relationship.

⁷This is the maximum likelihood estimator of the variance when E [𝑦𝑖] = 0, since the 𝑦𝑖 are normally distributed.
However, our takeaways are the same if using the unbiased sample variance, which just rescales by 𝑛/(𝑛 − 1).

⁸Here, 𝑋 is drawn from the standard normal distribution as specified in Section 2, and the expectation is computed
numerically by simulating from that distribution. The vector 𝛽 is drawn from a distribution that guarantees V [𝑦𝑖] = 1
to normalize the scale of the problem. Appendix B.3 has details for the analogous simulation for the Bayesian agent; we
follow the same sampling procedure for the frequentist. To compare with the simulation for a Bayesian, we illustrate
with 𝑘 = 3, |𝐽 | = 1 and 𝑛 = 10. We simulate and plot 1000 different samples of 𝑋 and 𝛽.
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Figure 2: The value of an additional covariate and model fit, frequentist.

Finally, we can consider the asymptotic version of Lemma 3, which (unsurprisingly) converges
to the same value as the Bayesian with symmetric beliefs (equal 𝛼 𝑗), and so is inversely related to
model fit and number of unobserved covariates.

Proposition 5. Under Assumption 2 and the conditions of Proposition 1,

V𝑓 (𝐷𝐽 , 𝐽
′) 𝑝→ 1

𝑘 − |𝐽 |
(
1 − 𝑅2∞ (𝐽)

)
V [𝑦𝑖] .

Taken together, these results show that the high-level messages we found in the choice to revise
a model for a Bayesian continue to hold also for a frequentist, showing the robustness of our core
conclusions. As we will see, however, this will not be the case for the choice of the model ex-ante.

4.2 A Frequentist Choosing the Model Ex-Ante
We now consider the model choice 𝐽 before observing any data, for an agent who knows they will
make predictions using OLS. This could be the case, for example, of a company that is deciding
which datasets to make available to its employees, knowing that they will use simple regressions in
their analysis. As before, for this frequentist to evaluate the benefits of future data, they need to
assess the likelihood, and we assume they do so using a prior 𝜋. A central object in their decision-
making process is

L 𝑓 (𝐽, 𝑛) := E𝜋

[
E𝑄𝛽 ,𝑄𝑋𝐽

[
ℓ 𝑓 (𝜃𝐽 , 𝐷𝐽)

] ]
,
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where 𝑄𝑋𝐽 is the exogenous distribution of 𝑋𝐽 in the DGP. The inner expectation is similar to 𝐿 𝑓

defined in Eq. (10), except now we consider the case where expectations over 𝜎2𝐽 are formed with
𝜋 instead of using a frequentist estimate. We can think of L 𝑓 (𝐽, 𝑛) as the frequentist analogue of
the Bayesian prior loss defined in Eq. (5): the expected loss before observing any data, given the
beliefs of an agent who will use frequentist methods. Again, this admits a simple characterization.

Proposition 6. If |𝐽 | < 𝑛 − 1, then

L 𝑓 (𝐽, 𝑛) :=
(
1 + |𝐽 |

𝑛 − |𝐽 | − 1

)
E𝜋

[
𝜎2𝐽

]
. (11)

For a frequentist, a larger model 𝐽 has two effects. First, it introduces relevant information for
both forecasting and estimating the unknown parameters, reducing 𝜎2𝐽 . Second, however, it also
increases the number of parameters to be estimated, reducing the degrees of freedom 𝑛 − |𝐽 | − 1

and, overall, the model uncertainty term in parentheses. We can then compute the value of an
additional covariate:

V𝐴
𝑓 (𝐽, 𝐽 ∪ {𝑙}, 𝑛) := L 𝑓 (𝐽, 𝑛) − L 𝑓 (𝐽 ∪ {𝑙}, 𝑛)

=

(
1 + |𝐽 |

𝑛 − |𝐽 | − 1

) ©­­«E𝜋

[
𝛽2𝑙

]
−
E𝜋

[
𝜎2
𝐽∪{𝑙}

]
𝑛 − |𝐽 | − 2

ª®®¬ .
A key observation is that, for a frequentist, this expression can be negative—this will be the case, if

(𝑛 − |𝐽 | − 2) E𝜋

[
𝛽2𝑙

]
< E𝜋

[
𝜎2𝐽∪{𝑙}

]
. (12)

In this case, a frequentist will reject an additional covariate, even if it is available for free. This
occurs when 𝑛 is small relative to |𝐽 |, conditional on the variance in the system

(
E𝜋

[
𝜎2
𝐽∪{𝑙}

] )
and

that of the variables to be estimated
(
E𝜋

[
𝛽2𝑙

] )
.

As with the Bayesian, we can obtain additional results by focusing on a symmetric prior.

Proposition 7. Suppose 𝜋 is symmetric and |𝐽 | < 𝑛 − 1. Then,

𝑛 ≥ 𝑘 + 1 ⇔ V𝐴
𝑓 ( |𝐽 |, 𝑛) ≥ 0 ⇔ Δ|𝐽 |V𝐴

𝑓 ( |𝐽 |, 𝑛) ≥ 0.

When 𝑛 is large enough—above 𝑘 + 1—the value of an extra covariate is positive and increas-
ing in the number of covariates; in this case, the frequentist benefits from more covariates, and
increasingly so because increasing the number of covariates allows for a more precise estimation of
the original ones. This result mirrors the one we obtained for the Bayesian. However, if 𝑛 is small,
V𝐴

𝑓 is negative and decreasing. First, this shows that even with constant priors, extra covariates can
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have negative values. Second, it shows that learning spillovers have the same sign as the value of an
extra covariate: either V𝐴

𝑓 is positive and increasing, or it is negative and decreasing. Intuitively,
when an additional covariate helps estimate, it also provides learning spillovers. When, instead,
there are many covariates relative to the number of observations, the loss in degrees of freedom
caused by an extra covariate is too costly and therefore harmful for any model size.

We can also study the behavior of the frequentist in the case of a linear prior, mirroring Propo-
sition 4. We find an interesting contrast with the Bayesian.

Proposition 8. If 𝜋 is linear, then Δ|𝐽 |V𝐴
𝑓 ( |𝐽 |, 𝑛) ≥ 0 for all 𝑘, |𝐽 | and 𝑛.

This shows that the value of covariates is always concave for a frequentist when the prior is of
decreasing importance, in the functional form we have specified. Recall how, instead, a Bayesian
with the same prior exhibits, for the initial range, a convexity in the value of covariates because
of the strength of the learning spillovers. These spillovers are high for low 𝑛, high 𝑘, and low |𝐽 |,
the conditions under which the frequentist is “hungry” for degrees of freedom, making ever larger
models less attractive.

A “Sophisticated” Frequentist Approach. The frequentist described above may look exceedingly
naive—if an extra covariate has a negative value, can’t they simply ignore it? In general, shouldn’t
we allow the agent to ignore some covariates if it chooses? While a Bayesian would generically
never choose to do so, a frequentist may. We call such an agent a sophisticated frequentist: they will
use a frequentist estimate as above, but will choose which variables to consider from the available
ones. Notably, we allow this choice to be made after the realization of the data.

Since a frequentist using model 𝐽 has expected loss after the data of 𝜎2𝐽
(
1 + tr

[ (
𝑋′
𝐽𝑋𝐽

)−1] )
,

then the expected loss for a sophisticated frequentist who has the covariates in 𝐽 available is

L𝑠
(
𝐽, 𝑛

)
:= E𝑄𝜋

[
min

𝐽⊆𝐽:|𝐽 |<𝑛−1
E𝜋

[
𝜎2𝐽

] (
1 + tr

[ (
𝑋′
𝐽𝑋𝐽

)−1] )]
. (13)

Assume also |𝐽 | < 𝑛 − 1, so that agents have at least 1 degree of freedom with model 𝐽 and the
expected loss can be computed.

While a sophisticated frequentist will never have negative values for more covariates, they will
tend to select for smaller models when there are many parameters relative to the number of obser-
vations. We can formalize this claim for a single covariate under symmetric priors. Denote the 𝐽

chosen in the minimization as 𝐽∗.

Proposition 9. If 𝜋 is symmetric and |𝐽 | = 1,

P (𝐽∗ = ∅) = 𝐹𝑛 (𝑘 − 1)
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Table 1: Probability of no acquisition of covariates, |𝐽 | = 4

P (𝐽∗ = ∅) 𝑘 = 5 𝑘 = 10 𝑘 = 15 𝑘 = 20 𝑘 = 25

𝑛 = 5 0.018 0.625 0.940 0.992 0.999
𝑛 = 10 0.000 0.038 0.461 0.847 0.969
𝑛 = 15 0.000 0.000 0.044 0.376 0.766
𝑛 = 20 0.000 0.000 0.001 0.048 0.325
𝑛 = 25 0.000 0.000 0.000 0.001 0.049

where P (𝐴) denotes the probability of event 𝐴 and 𝐹𝑛 (·) is the cumulative distribution function of a
𝜒2 random variable with 𝑛 degrees of freedom.

That is, a sophisticated frequentist tends to give up on incorporating even the first covariate
when there are many parameters relative to observations. Table 1 shows the results of simulations
for the case of |𝐽 | > 1, again for symmetric priors: it shows the probability of giving up completely
for different values of 𝑘 and 𝑛 when |𝐽 | = 4. For any 𝑛, as 𝑘 grows large, this probability increases,
and it is very high for low values of 𝑛.

Comparing Bayesians, Frequentists, and Sophisticated Frequentists. To illustrate the differ-
ences in the ex-ante valuation between Bayesians,⁹ frequentists, and sophisticated frequentists,
Figure 3 plots it for the case of 𝑛 = 12, in Panel (a), and 𝑛 = 6, in Panel (b), when 𝑘 = 7 and the
prior is symmetric with E𝜋

[
𝛽2𝑗

]
= 1 for all 𝑗. When 𝑛 = 12, we have sufficient degrees of freedom,

and a positive and increasing value for all approaches. Moreover, valuations of both types of fre-
quentists are close, since the sophisticated frequentist typically uses all available data. When 𝑛 = 6,
however, the naive estimate has a negative value, and this becomes increasingly negative as we add
covariates. The value is positive for the sophisticated frequentist, but only slightly increasing, due
to the relatively small learning spillovers across covariates. In contrast, the value for Bayesian is
clearly positive and increasing.

5 Discussion and Conclusions
Correlated Covariates. While we assumed independent covariates for simplicity, our qualitative
insights extend to correlated regressors, with some additional subtleties. First of all, any correla-
tion between observed and unobserved covariates will be exploited by the agents in their forecast,
because then the observables carry more predictive power than in the independent case.¹⁰ This im-
plies that, if there is a lot of correlation between observables and unobservable covariates, learning

⁹We use the large samples approximation for the Bayesian, outlined in the proof to Proposition 3. The takeaway
from this figure is unchanged if computing the small samples measures.

¹⁰Note that in our pure prediction problem, agents are not interested in disentangling causal effects across covariates.
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(a) 𝑛 = 12 (b) 𝑛 = 6

Figure 3: The value of an additional covariate with a symmetric prior: 𝑘 = 7 and a symmetric prior
with E𝜋

[
𝛽2𝑗

]
= 1 for all 𝑗.

spillovers are dampened because of a smaller reduction in noise, since the correlation reduced it to
begin with. The opposite holds when the correlation between unobservable covariates is high: in
that case, including a new covariate is informative about more than just itself; it’s informative about
all the remaining unobservable covariates, and learning spillovers are amplified. These additional
forces make the trade-off between direct and indirect effects more complex.

Discussion. We examined how decision-makers optimally choose the extent of their own mis-
specification: agents who recognize that their models omit potentially relevant covariates but face
a cost of expanding them. Within a canonical linear-regression environment, we characterized the
value of adding an additional covariate under both Bayesian and frequentist learning, and under
two different timings.

For Bayesians, two forces shape the incentives to enlarge a model: the direct value of the new
covariate—its expected explanatory power—and the indirect learning spillovers that arise because
better estimation of one coefficient improves inference about the others. When choosing ex-ante,
we show that these spillovers generate a form of convexity in the ex-ante value of covariates: the
expected benefit of an additional covariate increases with the number already included. This stands
in contrast with the well-known concavity in the value of additional observations. Consequently,
when model size is chosen ex ante under symmetric priors and non-growing costs, only corner
solutions are attained: either no covariates or all of them; intermediate models arise only when
priors are asymmetric or when the cost of expansion grows sufficiently fast.

The frequentist inherits some but not all of these results. However, the ex-ante valuation for
a frequentist can be negative when the number of covariates is high relative to the number of
observations—the loss of degrees of freedom outweighs the informational gain. Moreover, when
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they believe covariates are decreasing linearly in importance, they always have a concave valua-
tion of covariates, as opposed to the Bayesian, who exhibits convex valuation for the initial range.
A “sophisticated” frequentist who can ignore redundant variables avoids negative values, yet still
displays much flatter incentives, with smaller and less persistent spillovers across covariates.

When decisions are taken after observing data, our results show that the endogenous selection
of model richness generates systematic patterns in forecasting and behavior. Agents expand their
models when their current specification fits poorly, when few alternative covariates remain, or when
theoretical or empirical developments shift their beliefs about excluded variables, reducing uncer-
tainty about which are most relevant. As a result, fully Bayesian agents—as well as frequentists—
may display abrupt “jumps” in predictions that can be mistaken for violations of Bayesian updating,
offering a fully Bayesian microfoundation for apparently non-Bayesian behavior.
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Appendix
A Proofs

A.1 Proof of Lemma 1
Define the Bayesian loss function as the expected loss over realizations of the data, taken parameters
and the Bayesian optimal forecast as given.

ℓ𝐵 (𝛽) := E𝑄𝜃

[
(𝑦𝑛 − 𝑦̂𝐵(𝑥𝐽𝑛))2

]
= E𝑄𝜃

[
(𝑥𝐽𝑛𝛽𝐽 + 𝑥−𝐽𝑛𝛽−𝐽 − 𝑥𝐽𝑛E𝜋 [𝛽𝐽 | 𝐷𝐽])2

]
= E𝑄𝜃

[
(𝑥𝐽𝑛 (𝛽𝐽 − 𝑥𝐽𝑛E𝜋 [𝛽𝐽 | 𝐷𝐽]) + 𝑥−𝐽𝑛𝛽−𝐽)2

]
=

∑
𝑗∈𝐽

(
𝛽 𝑗 − E𝜋

[
𝛽 𝑗 | 𝐷𝐽

] )2 + ∑
𝑗∉𝐽

𝛽2𝑗 .

The second equality plugs in the optimal forecast into the loss function and uses the definition of
𝑦𝑛. The fourth equality follows from the independence of 𝑥 𝑗𝑛 across 𝑗, in addition to their mean of
zero and variance of unity. Now, taking the expectation over 𝛽 with the posterior distribution:

𝐿𝐵 (𝐷𝐽) = E𝜋 [ℓ𝐵 (𝛽) | 𝐷𝐽]

= E𝜋

[∑
𝑗∈𝐽

(
𝛽 𝑗 − E𝜋

[
𝛽 𝑗 | 𝐷𝐽

] )2 + ∑
𝑗∉𝐽

𝛽2𝑗 | 𝐷𝐽

]
=

∑
𝑗∈𝐽

V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
+

∑
𝑗∉𝐽

E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
.

□

A.2 Proof of Lemma 2
Using (2) and the definition (3), and recalling 𝐽′ = 𝐽 ∪ {𝑙}, the gain of incorporating covariate 𝑙

(having observed 𝐷𝐽) is given by:

V𝐵 (𝐷𝐽 , 𝑙) =
∑
𝑗∈𝐽

V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
+

∑
𝑗∉𝐽

E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
− E𝑄𝑥

[∑
𝑗∈𝐽′

V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
+

∑
𝑗∉𝐽′

E𝜋

[
𝛽2𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

]
=

∑
𝑗∈𝐽

V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
+

∑
𝑗∉𝐽

E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
−

∑
𝑗∈𝐽′

E𝑄𝑥

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

]
−

∑
𝑗∉𝐽′

E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
,
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where the second line uses the linearity of expectations and the law of total expectation. Rearrang-
ing and canceling terms across the summations:

V𝐵 (𝐷𝐽 , 𝑙) = E𝜋

[
𝛽2𝑙 | 𝐷𝐽

]
− E𝑄𝑥 [V𝜋 [𝛽𝑙 | 𝐷𝐽′] | 𝐷𝐽]

+
∑
𝑗∈𝐽

(
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− E𝑄𝑥

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

] )
= E𝜋 [𝛽𝑙 | 𝐷𝐽]2 + V𝜋 [𝛽𝑙 | 𝐷𝐽] − E𝑄𝑥 [V𝜋 [𝛽𝑙 | 𝐷𝐽′] | 𝐷𝐽]

+
∑
𝑗∈𝐽

(
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− E𝑄𝑥

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

] )
,

where the second line uses the definition of variance. Rearranging gives the expression in the
lemma.

□

A.3 Proof of Proposition 1
Doob’s consistency theorem implies that the posterior converges in distribution inside Θ̃𝐽 , having
no mass elsewhere. That is, every combination of the parameters that does not satisfy the simplex
is ruled out, because it is not consistent with the variance of the residuals 𝜎2𝐽 that the agent has
learned with certainty. Therefore, when characterizing the posterior we should only care about its
distribution within the simplex Θ̃𝐽 characterized by the true value of 𝜎2𝐽 . Further, since the distri-
bution within this simplex is not identified, the posterior retains the shape of the prior. Since the
posterior is jointly Dirichlet-distributed, the marginal posterior distributions are Beta-distributed.
Let 𝛼0 :=

∑
𝑗∉𝐽 𝛼 𝑗, then:

𝛽2𝑗 | 𝐷𝐽 ∼ Beta
(
𝛼 𝑗, 𝛼0 − 𝛼 𝑗

)
∀ 𝑗 ∉ 𝐽.

The implication is that the posterior mean for the normalized and unnormalized parameters follow:

E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
=

𝛼 𝑗

𝛼0
,

E𝜋

[
𝛽2𝑗 | 𝐷𝐽

]
=

𝛼 𝑗

𝛼0
𝜎2𝐽 , (14)

where the second line uses the definition 𝛽 𝑗 := 𝛽 𝑗/𝜎𝐽 . Now, assumption 1 directly implies that for
all 𝑗 ∈ 𝐽, as 𝑛 → ∞:

V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] 𝑝→ 0.
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Intuitively there is no uncertainty about the regression coefficients inside the model in the limit.
We can use this result in (4) to conclude that:

V𝐵 (𝐷𝐽 , 𝑙)
𝑝→ E𝜋 [𝛽𝑙 | 𝐷𝐽]2 + V𝜋 [𝛽𝑙 | 𝐷𝐽] = E𝜋

[
𝛽2𝑙 | 𝐷𝐽

]
.

Plugging (14) into this last expression finishes the proof.
□

A.4 Proof of Proposition 2
The expression V𝐴

𝐵 (𝐽, 𝐽 ∪ {𝑙}, 𝑛) can be obtained by using its definition and (5), as well as the
definition of variance V𝜋 [𝛽𝑙] = E𝜋 [𝛽2𝑙 ] − E𝜋 [𝛽𝑙]2. The first inequality is a direct application of the
law of total variance:

V𝜋 [𝛽𝑙] − E𝑄𝜋 [V𝜋 [𝛽𝑙 | 𝐷𝐽′]] = V𝑄𝜋 [E𝜋 [𝛽𝑙 | 𝐷𝐽′]] ≥ 0

This expression is nonnegative because it is a second moment, and now we show that it is strictly
positive. With some abuse of notation, let 𝜋 (𝛽) denote the prior density and 𝜋 (𝛽 | 𝐷𝐽′) the poste-
rior density. Consider some 𝛽 with positive density under the prior. From Bayes’ law:

𝜋 (𝛽 | 𝐷𝐽′) ∝
(∑
𝑗∉𝐽′

𝛽2𝑗

)−𝑛/2
exp

(
−
∑𝑛−1

𝑖=0

(
𝑦𝑖 −

∑
𝑗∈𝐽′ 𝑥𝑖 𝑗𝛽 𝑗

)2
2
∑

𝑗∉𝐽′ 𝛽
2
𝑗

)
𝜋 (𝛽)

Note that all elements all elements in this expression are strictly positive. Now consider a pertur-
bation in 𝐷𝐽′: 𝑦ℓ increases in observation ℓ ∈ {0, ..., 𝑛− 1}. Since 𝜋 is atomless, the posterior must
follow:

𝜕𝜋 (𝛽 | 𝐷𝐽′)
𝜕𝑦ℓ

∝
(∑
𝑗∉𝐽′

𝛽2𝑗

)−𝑛/2
exp

(
−
∑𝑛−1

𝑖=0

(
𝑦𝑖 −

∑
𝑗∈𝐽′ 𝑥𝑖 𝑗𝛽 𝑗

)2
2
∑

𝑗∉𝐽′ 𝛽
2
𝑗

)
𝜋 (𝛽)

(∑
𝑗∈𝐽′ 𝑥ℓ 𝑗𝛽 𝑗 − 𝑦ℓ∑

𝑗∉𝐽′ 𝛽
2
𝑗

)
Clearly, the posterior density satisfies:

𝜕𝜋 (𝛽 | 𝐷𝐽′)
𝜕𝑦ℓ

> 0 ⇐⇒ 𝑦ℓ <
∑
𝑗∈𝐽′

𝑥ℓ 𝑗𝛽 𝑗

⇐⇒ 𝛽𝑙


>

𝑦ℓ−
∑

𝑗∈𝐽′ , 𝑗≠ℓ 𝑥ℓ 𝑗𝛽 𝑗

𝑥ℓ𝑙
if 𝑥ℓ𝑙 > 0

<
𝑦ℓ−

∑
𝑗∈𝐽′ , 𝑗≠ℓ 𝑥ℓ 𝑗𝛽 𝑗

𝑥ℓ𝑙
if 𝑥ℓ𝑙 < 0

Conditional on the data and all other parameters 𝛽\𝛽𝑙, this expression determines a threshold for
𝛽𝑙 that determines whether the posterior density of the joint distribution of 𝛽 increases or decreases.
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If the conditional density of 𝛽𝑙 | 𝛽\𝛽𝑙, 𝐷𝐽 satisfies this threshold rule, then a higher realization of 𝑦ℓ
raises (lowers) E𝜋 [𝛽𝑙 | 𝛽\𝛽𝑙, 𝐷𝐽′] when 𝑥ℓ𝑙 is positive (negative). Since this last statement holds
for all 𝛽\𝛽𝑙, then it also holds for the marginal density of 𝛽𝑙 | 𝐷𝐽 . We conclude that E𝜋 [𝛽𝑙 | 𝐷𝐽′]
is increasing (decreasing) in 𝑦ℓ when when 𝑥ℓ𝑙 is positive (negative). Lastly, because 𝑦ℓ has a
continuous positive density over R, it must be that V𝑄𝜋 [E𝜋 [𝛽𝑙 | 𝐷𝐽′]] > 0. This establishes the
first inequality.

For the second inequality, first expand it through the law of total expectations:

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

] ]
= E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

] ]
(15)

Where the outer expectation is over 𝐷𝐽 , and the inner expectation is over 𝐷𝐽′\𝐷𝐽 = {𝑥𝑙𝑖}𝑛−1𝑖=0 . By
the law of total variance:

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

]
= V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− V𝑄𝜋

[
E𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

]
Plugging this expression into (15):

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

] ]
= E𝑄𝜋

[
V𝑄𝜋

[
E𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

] ]
≥ 0

This expression is strictly positive under the same argument as with the first inequality.
□

A.5 Proof of Proposition 3
Using the asymptotic approximation (1) in the definition of Bayesian prior loss given by (5), we
obtain:

L𝐵(𝐽, 𝑛) =

(
|𝐽 |
𝑛

)
E𝜋

[
𝜎2𝐽

]
+

∑
𝑗∉𝐽

E𝜋

[
𝛽2𝑗

]
+ 𝑜

(
𝑛−1

)
=

(
1 + |𝐽 |

𝑛

)
E𝜋

[
𝜎2𝐽

]
+ 𝑜

(
𝑛−1

)
Where we have used the definition of 𝜎2𝐽 in the second line. A prior is symmetric when E𝜋 [𝛽2𝑗 ] = 𝜆

for all 𝑗, for some 𝜆 > 0. Then, the asymptotic approximation of the Bayesian prior loss with a
symmetric prior follows:

L𝐵 (𝐽, 𝑛) =
(
1 + |𝐽 |

𝑛

)
𝜆 (𝑘 − |𝐽 |) + 𝑜

(
𝑛−1

)
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The value of another covariate is then given by:

V𝐴
𝐵 ( |𝐽 |, 𝑛) = L𝐵 (𝐽, 𝑛) − L𝐵 (𝐽 ∪ {𝑙}, 𝑛)

= 𝜆

(
1 + |𝐽 | + 1

𝑛

)
− 𝜆 (𝑘 − |𝐽 |)

𝑛
+ 𝑜

(
𝑛−1

)
Note that because of the symmetric prior assumption, this value now depends only on the number
of covariates in the model, instead of the specific model and covariate to be added. With some
abuse of notation, we now use the number of covariates as an argument to this function. Then, the
first difference of this value is given by:

Δ|𝐽 |V𝐴
𝐵 ( |𝐽 |, 𝑛) := V𝐴

𝐵 ( |𝐽 | + 1, 𝑛) − V𝐴
𝐵 ( |𝐽 |, 𝑛)

=
2𝜆

𝑛
+ 𝑜

(
𝑛−1

)
Denote the remainder term as 𝑟 (𝑛) = 𝑜

(
𝑛−1

)
. By its order, there exist an 𝑛 such that for every

𝑛 ≥ 𝑛, we have:
|𝑟 (𝑛) | ≤ 𝜆

𝑛

For these values of 𝑛:
Δ|𝐽 |V𝐴

𝐵 ( |𝐽 |, 𝑛) = 2𝜆

𝑛
+ 𝑟 (𝑛) ≥ 2𝜆

𝑛
− 𝜆

𝑛
> 0

□

A.6 Proof of Proposition 4
First, note that the expected residual variance can be expressed as:

E𝜋

[
𝜎2𝐽

]
= 𝜆

𝑘∑
𝑗=|𝐽 |+1

1 + 𝑘 − 𝑗

𝑘

=
𝜆

(
𝑘 + 𝑘2 − |𝐽 | − 2𝑘|𝐽 | + |𝐽 |2

)
2𝑘

(16)

The Bayesian prior loss follows:

L𝐵 ( |𝐽 |, 𝑛) =

(
1 + |𝐽 |

𝑛

)
E𝜋

[
𝜎2𝐽

]
+ 𝑜

(
𝑛−1

)
=

(
1 + |𝐽 |

𝑛

)
𝜆

2𝑘

[
𝑘 + 𝑘2 − (1 + 2𝑘) |𝐽 | + |𝐽 |2

]
+ 𝑜

(
𝑛−1

)
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The value of a covariate is given by:

V𝐴
𝐵 ( |𝐽 |, 𝑛) = L𝐵 ( |𝐽 |, 𝑛) − L𝐵 ( |𝐽 | + 1, 𝑛)

=

(
1 + |𝐽 |

𝑛

)
𝜆

𝑘
(𝑘 − |𝐽 |) − 𝜆

2𝑘𝑛

[
𝑘 + 𝑘2 − (1 + 2𝑘) ( |𝐽 | + 1) + (|𝐽 | + 1)2

]
+ 𝑜

(
𝑛−1

)
Its first difference is:

Δ|𝐽 |V𝐴
𝐵 ( |𝐽 |, 𝑛) = V𝐴

𝐵 ( |𝐽 | + 1, 𝑛) − V𝐴
𝐵 ( |𝐽 |, 𝑛) + 𝑜

(
𝑛−1

)
=

𝜆

𝑘𝑛
(2𝑘 − 3|𝐽 | − 2 − 𝑛) + 𝑜

(
𝑛−1

)
For the first statement, denote the remainder as 𝑟 (𝑛) and note that:

Δ|𝐽 |V𝐴
𝐵 ( |𝐽 |, 𝑛) ≤ Δ|𝐽 |V𝐴

𝐵 (0, 𝑛) = 𝜆

𝑘𝑛
(2𝑘 − 2 − 𝑛) + 𝑟 (𝑛)

Since 𝑟 (𝑛) = 𝑜
(
𝑛−1

)
, there exist an 𝑛 such that for every 𝑛 ≥ 𝑛, we have:

|𝑟 (𝑛) | ≤ 𝜆

𝑘𝑛

For these values of 𝑛:

Δ|𝐽 |V𝐴
𝐵 (0, 𝑛) ≤ 𝜆

𝑘𝑛
(2𝑘 − 2 − 𝑛) + 𝜆

𝑘𝑛
=

𝜆

𝑘𝑛
(2𝑘 − 1 − 𝑛)

This last term is negative when 𝑛 > 2𝑘 − 1, thus proving the first statement for |𝐽 | = 0. For the
second one, using the same bound for the absolute value of the remainder term:

Δ|𝐽 |V𝐴
𝐵 ( |𝐽 |, 𝑛) ≥ 𝜆

𝑘𝑛
(2𝑘 − 3|𝐽 | − 2 − 𝑛) − 𝜆

𝑘𝑛
=

𝜆

𝑘𝑛
(2𝑘 − 3|𝐽 | − 3 − 𝑛)

The last term is strictly positive when:

|𝐽 | < 2𝑘 − 𝑛

3
− 1

As long as 𝑘 > (𝑛 + 3) /2, then Δ|𝐽 |V𝐴
𝐵 (0, 𝑛) > 0, proving the first part of the second statement.

For this same 𝑛, 𝑘, and using the same bound for the remainder term:

Δ|𝐽 |V𝐴
𝐵 (𝑘, 𝑛) ≤ 𝜆

𝑘𝑛
(−𝑘 − 2 − 𝑛) + 𝜆

𝑘𝑛
< 0

Completing the second part of the second statement for |𝐽 | = 𝑘. □
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A.7 Proof of Lemma 3
Starting from the definition of the value of an additional covariate, and using (10):

V𝑓 (𝐷𝐽 , 𝑙) = 𝐿 𝑓 (𝐷𝐽) − E𝑄𝑥

[
𝐿 𝑓 (𝐷𝐽′) | 𝐷𝐽

]
= 𝑠2𝐽 (𝐷𝐽)

(
1 +

(
𝑛 − |𝐽 |

𝑛 − |𝐽 | − 2

)
tr

[ (
𝑋′
𝐽𝑋𝐽

)−1] )
−E𝑄𝑥

[
𝑠2𝐽′ (𝐷𝐽′)

(
1 +

(
𝑛 − |𝐽 | − 1

𝑛 − |𝐽 | − 3

)
tr

[ (
𝑋′
𝐽′𝑋𝐽′

)−1] ) | 𝐷𝐽

]
Imposing Assumption 2:

V𝑓 (𝐷𝐽 , 𝑙) = 𝑠2𝐽 (𝐷𝐽)
(
1 +

(
𝑛 − |𝐽 |

𝑛 − |𝐽 | − 2

)
tr

[ (
𝑋′
𝐽𝑋𝐽

)−1] )
−𝑠2𝐽 (𝐷𝐽)

(
𝑘 − |𝐽 |

1 + 𝑘 − |𝐽 |

) (
1 +

(
𝑛 − |𝐽 | − 1

𝑛 − |𝐽 | − 3

)
E𝑄𝑥

[
tr

[ (
𝑋′
𝐽′𝑋𝐽′

)−1] | 𝐷𝐽

] )
= 𝑔 (𝑋𝐽) 𝑠2𝐽 (𝐷𝐽) (17)

Where 𝑔 (𝑋𝐽) is defined as in Proposition 3. Now, the coefficient of determination for this model is
defined as:

𝑅2 := 1 −
∑𝑛−1

𝑖=0

(
𝑦𝑖 − 𝑥𝐽𝑖𝛽𝐽

)2∑𝑛−1
𝑖=0 𝑦2𝑖

𝑛−1∑
𝑖=0

(
𝑦𝑖 − 𝑥𝐽𝑖𝛽𝐽

)2
=

(
1 − 𝑅2

) 𝑛−1∑
𝑖=0

𝑦2𝑖

Plug that into the definition of 𝑠2𝐽 (𝐷𝐽), given by (9):

𝑠2𝐽 (𝐷𝐽) =
(

1

𝑛 − |𝐽 |

) (
1 − 𝑅2

) 𝑛−1∑
𝑖=0

𝑦2𝑖

Inserting this expression in (17)

V𝑓 (𝐷𝐽 , 𝑙) =
𝑔 (𝑋𝐽)
𝑛 − |𝐽 |

(
1 − 𝑅2

) 𝑛−1∑
𝑖=0

𝑦2𝑖

Multiplying and dividing by 𝑛 yields the result.
□
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A.8 Proof of Proposition 5
Recall that for any finite 𝑛 we have:

V𝑓 (𝐷𝐽 , 𝐽
′) = 𝑔 (𝑋𝐽)

1 − |𝐽 |/𝑛
(
1 − 𝑅2 (𝐷𝐽)

)
𝑠2𝑦 (𝑌 )

We analyze the convergence of each of the terms in order. Our first step is to show that 𝑔 (𝑋𝐽)
𝑝→

1/(1 + 𝑘 − |𝐽 |). To this end, note that since 𝑋𝐽 follows a multivariate normal distribution, then(
𝑋′
𝐽𝑋𝐽

)−1 follows an inverse Wishart distribution with the identity matrix as the scale matrix, and
𝑛 degrees of freedom. From the properties of the inverse Wishart, direct calculation shows that for
any 𝑛 > |𝐽 | + 3:

E
[
tr

( (
𝑋′
𝐽𝑋𝐽

)−1)] =
|𝐽 |

𝑛 − |𝐽 | − 1

V
[
tr

( (
𝑋′
𝐽𝑋𝐽

)−1)] =
2|𝐽 | (𝑛 − 1)

(𝑛 − |𝐽 |) (𝑛 − |𝐽 | − 1)2 (𝑛 − |𝐽 | − 3)

Then as 𝑛 → ∞, both the mean and the variance of this random variable converge to 0. This implies
that:

tr
[ (
𝑋′
𝐽𝑋𝐽

)−1] 𝑝→ 0

From its definition, it then follows that 𝑔 (𝑋𝐽) converges:

𝑔 (𝑋𝐽)
𝑝→ 1 − 𝑘 − |𝐽 |

1 + 𝑘 − |𝐽 | =
1

1 + 𝑘 − |𝐽 | (18)

Now we turn to the convergence of 𝑅2 (𝐷𝐽). First, note that our DGP outlined in section ?? satisfies
the necessary assumptions so that 𝛽𝐽

𝑝→ 𝛽𝐽 .¹¹ This implies 𝑦𝑖 − 𝑥𝐽𝑖𝛽𝐽
𝑝→ 𝑦𝑖 − 𝑥𝐽𝑖𝛽𝐽 = 𝜀𝐽𝑖, and in

turn we conclude:
𝑛−1∑
𝑖=0

(
𝑦𝑖 − 𝑥𝐽𝑖𝛽𝐽

)2
𝑛

𝑝→ 𝜎2𝐽 = V [𝜀𝐽𝑖]

Since the above is a consistent estimator of the variance of residuals (and E [𝜀𝐽𝑖] = 0). The same
principle applies to the estimator of the variance of 𝑦𝑖:

𝑠2𝑦 (𝑌 )
𝑝→ V [𝑦𝑖] (19)

¹¹For example, from Hayashi (2000): (1) our DGP is linear; (2) the joint distribution of {𝑥𝑖, 𝑦𝑖} is stationary and
ergodic; (3) regressors are always orthogonal to errors (which include other covariates) because all covariates are
independent between each other; (4) and E

[
𝑥′𝑖 𝑥𝑖

]
= 𝐼 is nonsingular.
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Then, using the definition of the coefficient of determination:

𝑅2 (𝐷𝐽) = 1 −
∑𝑛−1

𝑖=0

(
𝑦𝑖 − 𝑥𝐽𝑖𝛽𝐽

)2∑𝑛−1
𝑖=0 𝑦2𝑖

= 1 −
∑𝑛−1

𝑖=0

(
𝑦𝑖 − 𝑥𝐽𝑖𝛽𝐽

)2
/𝑛

𝑠2𝑦 (𝑌 )
𝑝→ 1 −

𝜎2𝐽
V [𝑦𝑖]

(20)

Combining (18)-(20) yields the desired result.
□

A.9 Proof of Proposition 6
First, here we reproduce equation (7):

ℓ 𝑓 (𝜃𝐽 , 𝐷𝐽) =
(
𝛽𝐽 − 𝛽𝐽 (𝐷𝐽)

)′ (
𝛽𝐽 − 𝛽𝐽 (𝐷𝐽)

)
+ 𝜎2𝐽 .

Consider now the frequentist-equivalent of the expected posterior loss, by integrating over 𝛽𝐽:

E𝑄𝛽

[
ℓ 𝑓 (𝜃𝐽 , 𝐷𝐽)

]
= E𝑄𝛽

[
tr

[(
𝛽𝐽 − 𝛽𝐽

)′ (
𝛽𝐽 − 𝛽𝐽

)] ]
+ 𝜎2𝐽

= tr
[
E𝑄𝛽

[(
𝛽𝐽 − 𝛽𝐽

) (
𝛽𝐽 − 𝛽𝐽

)′] ]
+ 𝜎2𝐽

Where we use the properties of the trace operator. Since the distribution of the OLS estimator is
given by 𝛽𝐽 | 𝑋𝐽 ∼ N

(
𝛽𝐽 , 𝜎2𝐽

(
𝑋′
𝐽𝑋𝐽

)−1) , this expectation satisfies:

E𝑄𝛽

[
ℓ 𝑓 (𝜃𝐽 , 𝐷𝐽)

]
= tr

[
𝜎2𝐽

(
𝑋′
𝐽𝑋𝐽

)−1] + 𝜎2𝐽

Now integrate over 𝑋𝐽 to get:

E𝑄𝑋𝐽 ,𝑄𝛽

[
ℓ 𝑓 (𝜃𝐽 , 𝐷𝐽)

]
= E𝑄𝑋𝐽

[
tr

[
𝜎2𝐽

(
𝑋′
𝐽𝑋𝐽

)−1] ] + 𝜎2𝐽

= 𝜎2𝐽tr
[
E𝑄𝑋𝐽

[ (
𝑋′
𝐽𝑋𝐽

)−1] ] + 𝜎2𝐽

= 𝜎2𝐽tr
[

1

𝑛 − |𝐽 | − 1
𝐼 |𝐽 |

]
+ 𝜎2𝐽

= 𝜎2𝐽

(
1 + |𝐽 |

𝑛 − |𝐽 | − 1

)
We’ve used the fact that if 𝑋𝐽 is an 𝑛×|𝐽 |matrix of standard normal random variables, then

(
𝑋′
𝐽𝑋𝐽

)−1
follows an inverse Wishart distribution with the mean given inside the square brackets in the third
line.

Finally, integrate over 𝜋 to obtain the desired result.
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□

A.10 Proof of Proposition 7
We use the same definition of a symmetric prior as in Proposition 3: E𝜋 [𝛽2𝑗 ] = 𝜆 for all 𝑗 and for
some 𝜆 > 0.¹² Then, the average risk for the frequentist follows:

L 𝑓 ( |𝐽 |, 𝑛) =

(
1 + |𝐽 |

𝑛 − |𝐽 | − 1

)
𝜆 (𝑘 − |𝐽 |) (21)

= (𝑛 − 1) 𝜆 (𝑘 − |𝐽 |)
𝑛 − |𝐽 | − 1

Let L̃ 𝑓 ( |𝐽 |, 𝑛) : R+ × N → R+ be the continuous function defined by the right-hand side of (21).
A useful object to construct easy proofs of will be the (negative) derivatives with respect to |𝐽 |:

−
𝜕L̃ 𝑓 ( |𝐽 |, 𝑛)

𝜕|𝐽 | =
(𝑛 − 1) 𝜆 (𝑛 − 𝑘 − 1)

(𝑛 − |𝐽 | − 1)2
(22)

−
𝜕2L̃ 𝑓 ( |𝐽 |, 𝑛)

𝜕|𝐽 |2 =
2 (𝑛 − 1) 𝜆 (𝑛 − 𝑘 − 1)

(𝑛 − |𝐽 | − 1)3
(23)

Notice that the sign of (22) and (23) are the same for all |𝐽 |, and they only depend on 𝜆 (𝑛 − 𝑘 − 1)−
𝜙 once we assume 𝑛 > |𝐽 | + 1. Since for given 𝜆 (𝑛 − 𝑘 − 1) −𝜙 the sign is the same for all |𝐽 |, this
implies that the same sign holds for the discrete differences −Δ|𝐽 |L 𝑓 ( |𝐽 |, 𝑛) and −Δ2

|𝐽 |L 𝑓 ( |𝐽 |, 𝑛).
□

A.11 Proof of Proposition 8
Using the same technique as in Proposition 7, from (11) we can get the condition for concavity. We
need to show:

−
𝜕2L̃ 𝑓 ( |𝐽 |, 𝑛)

𝜕|𝐽 |2 < 0 ⇐⇒ (𝑛 − |𝐽 | − 1)2
𝜕2E𝜋

[
𝜎2𝐽

]
𝜕|𝐽 |2 + 2 (𝑛 − |𝐽 | − 1)

𝜕2E𝜋

[
𝜎2𝐽

]
𝜕|𝐽 |2 + 2E𝜋

[
𝜎2𝐽

]
> 0

¹²As stated, a symmetric prior implies that as 𝑘 grows large, holding |𝐽 | fixed, E𝜋

[
𝜎2𝐽

]
grows large as well, which

might be counterintuitive for the comparative statics. To avoid this, an alternative symmetric prior could specify
E𝜋

[
𝛽2𝑗

]
= 𝜆/𝑘 for some 𝜆 > 0. It can be shown that Propositions 3 and 7 would continue to hold in this case as

well.
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The derivatives of the expected residual variance are:

𝜕E𝜋

[
𝜎2𝐽

]
𝜕|𝐽 | =

𝜆 (2|𝐽 | − 1 − 2𝑘)
2𝑘

(24)

𝜕2E𝜋

[
𝜎2𝐽

]
𝜕|𝐽 |2 =

𝜆

𝑘
(25)

Evaluating the condition for concavity with (24) and (25), we need:

(𝑛 − |𝐽 | − 1)2 + (𝑛 − |𝐽 | − 1) (2|𝐽 | − 1 − 2𝑘) + 𝑘 + 𝑘2 − |𝐽 | − 2𝑘|𝐽 | + |𝐽 |2
𝑘

> 0

𝑛2 − 3𝑛 + 2 − 2𝑛𝑘 + 3𝑘 + 𝑘2 > 0

So we need to show:
𝑔 (𝑛, 𝑘) := 𝑛2 − 𝑛 (3 + 2𝑘) +

(
2 + 3𝑘 + 𝑘2

)
≥ 0

Where we have rearranged the equation to be quadratic in 𝑛 given 𝑘. For any 𝑘, if 𝑛were continuous
then 𝑔 (𝑛, 𝑘) would be minimized at:

𝑛∗ =
3 + 2𝑘

2

However, 𝑛 ∈ N. Therefore, we must evaluate the expression at the closest integers. Since 𝑘 is an
integer, the closest integer 𝑛 from below is given by:

𝑛∗ = 𝑛∗ − 1

2
= 1 + 𝑘

Evaluating:
𝑔
(
𝑛∗, 𝑘

)
= (1 + 𝑘)2 − (1 + 𝑘) (3 + 2𝑘) + 2 + 3𝑘 + 𝑘2 = 0

Consider now the closest integer from above:

𝑛∗ = 𝑛∗ + 1

2
= 2 + 𝑘

Evaluating:
𝑔 (𝑛∗, 𝑘) = (2 + 𝑘)2 − (2 + 𝑘) (3 + 2𝑘) + 2 + 3𝑘 + 𝑘2 = 0

Therefore, for any 𝑘, we have 𝑔 (𝑛, 𝑘) ≥ 0 for all 𝑛. Retracing our steps, this implies that for all
|𝐽 | and 𝑛 we have −𝜕2L̃ 𝑓 ( |𝐽 |, 𝑛) /𝜕|𝐽 |2 < 0. This means the discrete difference over integer |𝐽 | is
strictly negative as well for all |𝐽 | ∈ N.

□
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A.12 Proof of Proposition 9
If 𝜋 is constant and ˜|𝐽 | = 1, then following (13) a sophisticated frequentist will choose 𝐽 = ∅
relative to the alternative of 𝐽 = 1 when:

E𝜋

[
𝜎2∅

]
< E𝜋

[
𝜎21

] (
1 + tr

[ (
𝑋′
1𝑋1

)−1] )
𝜆𝑘 < 𝜆 (𝑘 − 1)

(
1 + 1∑𝑛−1

𝑖=0 𝑥21𝑖

)
𝑛−1∑
𝑖=0

𝑥21𝑖 < (𝑘 − 1)

The distribution of the LHS of the inequality above is a 𝜒2 with 𝑛 degrees of freedom. □

B Simulations

B.1 Large Samples Approximation Accuracy
The purpose of this section is to evaluate the accuracy of the asymptotic approximation suggested
by (1):

E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] ]
≈ E𝜋

[
𝜎2𝐽

]
/𝑛

For this purpose we will consider a conjugate prior, which simplifies the analysis tremendously by
allowing for the analytical computation of the posterior given some dataset. However, we will still
need to analyze expectations over realizations of the data computationally, as they do not have a
closed form. For an agent with a model 𝐽, we consider a prior 𝜋 under which:

𝜎2𝐽 ∼ Γ−1 (𝑎, 𝑏)
𝛽𝐽 | 𝜎2𝐽 ∼ N|𝐽 |

(
0, 𝑐𝐼 |𝐽 |𝜎

2
𝐽

)
Where Γ−1 denotes the inverse gamma distribution with parameters 𝑎 ≥ 1 and 𝑏 > 0; 𝐼 |𝐽 | denotes
the identity matrix of size |𝐽 | and 𝑐 > 0. Under this prior

E𝜋

[
𝜎2𝐽

]
=

𝑏

𝑎 − 1
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A well-known result is that this prior is conjugate, and observing a dataset 𝐷𝐽 = {𝑋𝐽 , 𝑌 } results in
the following posterior:

𝛽𝐽 | 𝜎2𝐽 ∼ N|𝐽 |
(
𝜇, Σ̂𝜎2𝐽

)
(26)

Σ̂ =
(
𝑋′
𝐽𝑋𝐽 + 𝑐−1𝐼 |𝐽 |

)−1
(27)

𝜇 = Σ̂𝑋′
𝐽𝑌 (28)

𝜎2𝐽 ∼ Γ−1
(
𝑎, 𝑏

)
(29)

𝑎 = 𝑎 + 𝑛/2 (30)
𝑏 = 𝑏 +

(
𝑌 ′𝑌 − 𝜇′Σ̂−1𝜇

)
/2 (31)

From the posterior distributions, we can characterize the marginal variance of the regression coef-
ficients. By the law of total variance:

V𝜋 [𝛽𝐽 | 𝐷𝐽] = E𝜋

[
V𝜋

[
𝛽𝐽 | 𝜎2𝐽 , 𝐷𝐽

]
| 𝐷𝐽

]
+ V𝜋

[
E𝜋

[
𝛽𝐽 | 𝜎2𝐽 , 𝐷𝐽

]
| 𝐷𝐽

]
= E𝜋

[
Σ̂𝜎2𝐽 | 𝐷𝐽

]
+ V𝜋 [𝜇 | 𝐷𝐽]

= Σ̂E𝜋

[
𝜎2𝐽 | 𝐷𝐽

]
V𝜋 [𝛽𝐽 | 𝐷𝐽] =

Σ̂𝑏

𝑎 − 1
(32)

The outer moments integrate over 𝜎2𝐽 , which is why the second term reduces to 0 (the posterior
mean of 𝛽𝐽 does not depend on 𝜎2𝐽). With these results in hand, given any {𝑎, 𝑏, 𝑐, |𝐽 |} we can
simulate as many datasets as needed with Monte Carlo methods and compute E𝑄𝜋 [V𝜋 [𝛽𝐽 | 𝐷𝐽]]
numerically. In particular, for each 𝑛 we:

1. Draw a scalar 𝜎2𝐽 from Γ−1 (𝑎, 𝑏)

2. Draw a vector 𝛽𝐽 from N|𝐽 |
(
0, 𝑐𝐼 |𝐽 |𝜎

2
𝐽

)
, using the 𝜎2𝐽 drawn in the previous step

3. Simulate 𝑋𝐽 with 𝑛 draws from N|𝐽 |
(
0, 𝐼 |𝐽 |

)
4. Simulate 𝜀𝐽 with 𝑛 draws from N

(
0, 𝜎2𝐽

)
and compute 𝑌

5. Obtain the parameters
{
Σ̂, 𝑎, 𝑏

}
following (26)-(31).

6. Compute V𝜋 [𝛽𝐽 | 𝐷𝐽] with (32)

7. Repeat steps 1-6 a large number of times and store results

8. Compute E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] ]
by averaging over all V𝜋 [𝛽𝑙 | 𝐷𝐽] for 𝑙 ∈ 𝐽.
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Parameters {𝑎, 𝑏} are found not to matter for our takeaways, other than scaling the size of the
problem.¹³. Therefore, we illustrate our results with 𝑎 = 𝑏 + 1 and the limit 𝑏 → ∞, which yields
E𝜋

[
𝜎2𝐽

]
= 1, as well as V𝜋

[
𝜎2𝐽

]
→ 0. This limit reduces simulation noise to a minimum. We impose

one normalization to keep the scale of the problem constant:

V𝜋 [𝑦𝑖] = (1 + 𝑐|𝐽 |) 𝑏

𝑎 − 1
= 2

Given our chosen values of {𝑎, 𝑏}, this restriction reduces to 𝑐 = 1/|𝐽 |. Figure 4 plots both sides
of (1) for different values of |𝐽 | and 𝑛. As expected, the asymptotic approximation works very
well for high 𝑛, for any |𝐽 |. It also illustrates that in small samples (low 𝑛), it’s still a pretty good
approximation for low |𝐽 |. It worsens only as there are toomany parameters relative to observations,
as would be expected from a frequentist perspective. Figure 5 shows that these takeaways apply in
log-scale, and for higher sample size.

Figure 4: Expected Variance, Approximation and True Values

Figure 5 already suggests that for the accuracy of the approximation, all that matters is the
proportion of |𝐽 | relative to 𝑛. This is confirmed by Figures 6 and 7, which show that as we increase
|𝐽 | in orders of magnitude, if we increase 𝑛 in the same order (see the x-axes) then the distance
between the approximation and the true value of the expected variance seems identical.¹⁴

¹³The previous statement is true as long as 𝑎 is sufficiently higher than 1, for example no less than 1.5.
¹⁴In subplots (b) we start from 𝑛 = 10 and in subplot (c) we start from 𝑛 = 100, to preserve the orders of magnitude
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Figure 5: Expected Variance, Approximation and True Values, log-scale

B.2 Bayesian Ex-Ante
Given some {𝑘, 𝐽, 𝑛, 𝜋}, this section shows how to first compute the posterior numerically after
observing data 𝐷𝐽 = {𝑋𝐽 , 𝑌 }, and then computing the prior loss.

We start by assuming that the prior over 𝛽 is multivariate normal, where all elements are ex-
changeable. That is, under 𝜋 we have 𝛽 ∼ N𝑘 (𝜇, Σ); where 𝜇 = 𝑐1 with 𝑐 ∈ R and 1 is a (column)
vector of ones of length 𝑘; and Σ = 𝜎2 [(1 − 𝜌) 𝐼 + 𝜌11′] where 𝜎2 > 0, 𝜌 ∈ (0, 1), 𝐼 denotes the
identity matrix and 1′ denotes the transpose of 1. A special case of this formulation is one where
𝜌 = 0, in which case all parameters are independent under the prior.

The exchangeability assumption is restrictive, but it allows us to make the simplification of only
focusing on the number of covariates in the model |𝐽 | as opposed to the specific set of covariates
𝐽. It’s also the case in which we are most interested in, because the slope of the value of an extra
covariate (convexity in the value of information) is meaningful in this case.

To compute a measure of the expected posterior variance over the realizations of data predicted
by the prior (the computation of E𝑄𝜋 [·]) we resort to Monte Carlo methods. The algorithm follows:

1. Draw a vector 𝛽 from N𝑘 (𝜇, Σ).

2. Simulate {𝑥𝑖}𝑛−1𝑖=0 with 𝑛 draws from N𝑘 (0, 𝐼).

3. Compute {𝑦𝑖 = 𝑥𝑖𝛽}𝑛−1𝑖=0 .

4. Sample draws of 𝛽 | 𝐷𝐽 from the numerical posterior following a Gibbs sampling algorithm:
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Figure 6: Bernstein-von Mises Approximation and True Value

(a) |𝐽 | = 1 (b) |𝐽 | = 10 (c) |𝐽 | = 100

(a) Start 𝛽 at the true value from step (1). Then, for draw ℓ:

(b) Sample 𝛽𝐽,ℓ from the conditional posterior 𝛽𝐽 | 𝛽−𝐽,ℓ−1, 𝐷𝐽 . This distribution can be
computed analytically following the approach outlined below, in section B.2.1.

(c) Sample 𝛽−𝐽,ℓ from the conditional posterior 𝛽−𝐽 | 𝛽𝐽,ℓ, 𝐷𝐽 . This has to be done compu-
tationally, and we follow a standard Metropolis-Hastings procedure, as in Gelman et al.
(2013).

(d) Repeat steps 4b-4c a large number of times.

5. Burn the first part of the sample (we burn the initial 5%).

6. Compute the variance of 𝛽𝐽 from the posterior samples.

7. Repeat steps 1-6 a large number of times and store results.

8. Compute E𝑄𝜋

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

] ]
by averaging over all V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
for 𝑗 ∈ 𝐽.

We then compare the prior loss across agents with different models. Note that in the special case
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Figure 7: Bernstein-von Mises Approximation and True Value, log-scale

(a) |𝐽 | = 1 (b) |𝐽 | = 10 (c) |𝐽 | = 100

of 𝐽 = ∅, the prior loss can be obtained analytically. From (5):

L𝐵 (∅, 𝑛) =
𝑘∑
𝑗=1

E𝜋

[
𝛽2𝑗

]
=

𝑘∑
𝑗=1

(
V𝜋

[
𝛽 𝑗

]
+ E𝜋

[
𝛽 𝑗

]2)
=

𝑘∑
𝑗=1

Σ 𝑗 𝑗

No choice of parameters is found to affect our qualitative results, so we illustrate with 𝑘 = 5, 𝑐 = 0,
𝜌 = 0 and 𝜎 = 1. Figure 8 shows that even for few observations (and notably, less observations than
parameters), the value of an additional covariate is positive and increasing, suggesting a convexity
in the value of information.

B.2.1 The conditional distribution of 𝛽𝐽

In order to sample draws from 𝛽𝐽 , the Gibbs sampler conditions on 𝛽−𝐽 . Then, we need to compute
the prior for this conditional distribution. This is simple thanks to the functional form of 𝜋. Under
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Figure 8: Simulated Value of an Additional Covariate

𝜋:

𝛽𝐽 | 𝛽−𝐽 ∼ N|𝐽 |
(
𝜇𝐽 , Σ̂𝐽

)
𝜇𝐽 = 𝜇𝐽 + Σ𝐽,−𝐽Σ

−1
−𝐽,−𝐽 (𝛽−𝐽 − 𝜇−𝐽)

Σ̂𝐽 = Σ𝐽𝐽 − Σ𝐽,−𝐽Σ
−1
−𝐽,−𝐽Σ−𝐽,𝐽

Where 𝜇𝐽 follows the same notation at 𝛽𝐽 , and Σ𝐺𝐻 is the block of Σ corresponding to the set of
rows 𝐺 and the set of columns 𝐻. Then, the posterior conditional on the data can be computed
analytically as follows:

𝛽𝐽 | 𝛽−𝐽 , 𝐷𝐽 ∼ N|𝐽 |
(
𝜇𝐽 , Σ̃𝐽

)
Σ̃𝐽 =

(
Σ̂−1𝐽 +

𝑋′
𝐽𝑋𝐽∑
𝑗∉𝐽 𝛽

2
𝑗

)−1
𝜇𝐽 = Σ̃𝐽

(
Σ̂−1𝐽 𝜇𝐽 +

𝑋′
𝐽𝑌∑

𝑗∉𝐽 𝛽
2
𝑗

)
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B.3 Bayesian Ex-Post
This section contains the details regarding the computation of Figure 1. The value of an additional
covariate for small samples has a tractable expression from Lemma 2, reproduced here:

V𝐵 (𝐷𝐽 , 𝑙) = E𝜋 [𝛽𝑙 | 𝐷𝐽]2 +
∑
𝑗∈𝐽′

(
V𝜋

[
𝛽 𝑗 | 𝐷𝐽

]
− E𝑄𝑥

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

] )
(33)

This object can be computed numerically for small 𝑛 following a small variant of the computational
algorithm outlined in appendix B.2. That algorithm allowed us to sample numerically from the
posterior distribution, which does not have an analytical form. The only object here that does
not follow from that algorithm is E𝑄𝑥

[
V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
| 𝐷𝐽

]
for some 𝑗 ∈ 𝐽′. Given some 𝐷𝐽 , this

object can be computed by simulating {𝑥𝑙𝑖}𝑛−1𝑖=0 a large number of times, then for each simulation
computing V𝜋

[
𝛽 𝑗 | 𝐷𝐽′

]
where 𝐷𝐽 is held constant in 𝐷𝐽′ =

{
𝐷𝐽 , {𝑥𝑙𝑖}𝑛−1𝑖=0

}
, and finally averaging

over posterior variances.
Then, the computation of E𝜋

[
𝑅2 (𝛽) | 𝐷𝐽

]
follows immediately from sampling from the poste-

rior distribution, following the approach of appendix B.2.
Given a prior 𝜋, the full algorithm for this exercise is given by:

1. Sample 𝑋 from 𝑛 draws of N𝑘 (0, 𝐼).

2. Sample some 𝛽 (see below for details).

3. Compute 𝑌 given 𝛽.

4. Using the Metropolis-Hasting algorithm with Gibbs Sampling outlined in appendix B.2, sam-
ple many draws from the posterior distribution of 𝛽 given 𝐷𝐽 .

5. Compute E𝜋

[
𝑅2 (𝛽) | 𝐷𝐽

]
from the samples drawn in the previous steps.

6. Compute V𝐵 (𝐷𝐽 , 𝑙) with (33).

7. Repeat steps 1-6 a large number of times.

Our prior of choice puts weight on different values of 𝛽 while keeping the unconditional vari-
ance of 𝑦𝑖 constant, in the spirit of corollary 1. We do this by sampling

{
𝛽2𝑗

}𝑘
𝑗=1

from a Dirich-
let distribution, with parameters given by a vector of ones of length 𝑘. This guarantees that∑𝑘

𝑗=1 𝛽
2
𝑗 = V [𝑦𝑖] = 1. We choose 𝑘 = 3 for simplicity (so the agent has one covariate and is

evaluating whether to purchase one more), and the prior is identical to that in appendix B.2. In
particular, we choose 𝑐 = 0, 𝜌 = 0 and 𝜎 = 1/

√
𝑘. The last choice ensures that V𝜋 [𝑦𝑖] = 1. The

results to this exercise are presented in Figure 1.
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